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I/VECIO

Bir 1. CAC PINH NGHIA

Hinh 1.1

A-TOM TAT L THUYET
D Pinh nghia, su xac dinh véc-to

| > Dinh nghiia 1.1 (Véc-ta). Véc-fo 1a mot doan thing c6 hudng.

Véc-to c6 diém dau (gbc) A, dié_lp cudi (ngon) B dudc ki hiéu 1a AB. 2\)
Véc-to con duge ki hidu 1a @, b, X, ¥,...khi khong can chi o diém a) B
dau va diém cubi ctia no.

M0t véc-to hoan toan dudc xac dinh khi biét diém dau va diém cubi /?f'

cua no. Y
A V6i hai diéim phan bi¢t A va B ta chi ¢ mdt dogn thing (AB hodc b)
BA), nhung co hai véc-to khdc nhau la AB va BA. Hinh 1.2

4o Dinh nghia 1.2 (D0 dai véc-td). Do dai cia doan thing AB 1a do dai (hay mo-dun) clia véc-to ﬁ,
ki hiéu la (E’). Tic 1a ‘ﬂa" — AB.

Puong nhién ‘A_B)’ = ‘EA)‘

4> Dinh nghia 1.3 (Véc-to-khong). Véc-to-khong 1a véc-td c6 diém dau va diém cubi tring nhau. Véc-
to-khong dudc ki hiéula 0.

1/273 ’ B Th.S Nguyén Hoang Viet — @ 0905.193.688 ‘




1. CAC BINH NGHIA Két ndi tri thirc véi cude séng
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Ta co H:A_A):ﬁz...

D Hai véc-to cung phuong, cung hudéng
4 Dinh nghia 1.4 (Gia véc-td). Gia cia mot véc-to khac 0 1a duong thang chia diém dau va diém
cudi clia véc-to do.

4> Dinh nghia 1.5 (Phuong, hudng véc-td). Hai véc-to dude goi 1a ciing phuong néu gid ciia chiing
song song hodc trung nhau.

Trén hinh 1.3a) ta c6 cac véc-to 14_B), C_D), EF cung phuong. Trén hinh 1.3b) ta c6 AB va MN cung phuong,
con AB va MP khong cung phuong. N N

Hai véc-to cling phuong c6 thé cting huéng hoic ngugc huéng. Chang han AB va CD cling huéng, AB va EF
ngudc hudng (hinh 1.3a).

Hinh 1.3a) Hinh 1.3b)
Ba diém phan biét A, B, C théng hang khi va chi khi hai véc-to AB va AC ciing phuong.

A Khi néi hai véc-to cung hudng hay nguoc huong thi ching da cung phuong. Véc-to 0 cung phuong,
cung hudng voi moi vec-to.

E®) Hai véc-to bang nhau

$> Pinh nghia 1.6 (Véc-to bang nhau). Hai véc-to goi 1a biing nhau néu ching c¢6 cing huéng va
cung do dai.

D C
Chéng han, néu ABCD 1a hinh binh hanh thi AB = DC va /
AD =BC.
A B

o N A s N ge % e
A Khi cho trudc véc-to @ va diém O, thi ta luoiz) tim _d)w,dc mot diém A duy nhdt sao cho OA = 4.
Néu I la trung diém ciia doan thdng AB thi Al = IB.

B-CAC DANG TOAN

%& Dang 1. Xdc dinh mét véc-to, phuong huéng cla véc-to, dé dai cia véc-to

® Xac dinh mot véc-to va xdc dinh su cing phuong, cung hudng clia hai véc-to theo dinh nghia.

® Dua vao cac tinh chit hinh hoc ctia cac hinh da cho biét d€ tinh do dai ctia mot véc-to.

¢ Vidu 1. Trong hinh 1.4, hiy chi ra cic véc-to ciing phuong, cing hudng, ngugc hudng va céac véc-to
bing nhau.

y J/ J J

e
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X . w
R v
[2)
b
~ ~_| zZ
u
Hinh 1.4
® Loi giai

$> Vidu 2. Cho tam gidc ABC. Goi M, N, P lan ludt 1a trung diém cta BC, CA, AB.

cnr 1A LRy 2z . . ¢ S 2t RAAT N 2z 2R A - R A: 14 .
a) Liét ke tat ca cac véc-to khac véc-td 0, cung phuong v6i MN va c6 diém dau, di€m cuoi lay trong céac
diém da cho.

— —> 2 N .2 Aa A . SR ~
b) Liét ké cac véc-to khac véc-to 0, cung huéng v6i AB va co diém dau, diém cuoi lay trong cac diém da
cho.

S s . 2 A1 o
¢) Vé cac véc-to bang véc-td NP ma cé diem dau la A hoac B.

¢ Vidu 3. Cho hinh vuong ABCD canh a. Goi M la trung diém ctia AB, N 1a diém ddi xing véi C qua
D. Hay tinh do dai cua véc-to MD va MN.

D Loi gidi.
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1. CAC DINH NGHIA K&t néi tri thirc véi cude séng
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BAI TAP TU LUYEN

> B 1. Cho ngii gidc ABCDE. C6 bao nhiéu véc-to khac véc-td 0, c6 diém ddu va diém cuéi 1a dinh
cua nga giac.

® Loi gidi.

¢S Bdi 2. Cho hinh binh hanh ABCD cé tam 1a O. Tim cac véc-to ti 5 diém A, B, C, D, O
a) Bing véc-to A—B>; OB.

b) C6 do dai bing )O_B’).

® Loi gidi.

$> Bai 3. Cho ba diém A, B, C phan biét thang hang.
a) Khi nao thi hai véc-to AB va AC ciing huéng?

b) Khi nao thi hai véc-to ABva AC ngudc hudng?

® Loi gidi.

$> Bdi 4. Cho bén diém A, B, C, D phan biét.
a) Néu AB = BC thi ba diém A, B, C c6 dic diém gi?

b) Néu AB = DC thi bén diém A, B,C, D ¢6 dic diém gi?

~ =

D Lai gidi _
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y J/ J J

cac véc-to AG, BI.

<o Bai 5. Cho tam gidc ABC déu canh a va G 1a trong tAm. Goi 7 12 trung diém ctia AG. Tinh d6 dai ctia

® L3i gidi.

& Dang 2. Chirng minh hai véc-to béng nhau

D€ chiing minh hai véc-to bing nhau ta chiing minh ching ¢6 cung do dai va cung hudng hodc dua vao
nhan xét néu ti gidc ABCD 1a hinh binh hanh thi AB = DC va AD = BC.

MN = QP.

@) Vi @) 4. Cho tii gidac ABCD. Goi M, N, P, Q lan lugt la trung diém AB, BC, CD, DA. Chiing minh

BB = GA.

a) Ching minh B] = IC.

. Vidu 5. Cho tam gidc ABC c6 trong tam G. Goi [ la trung diém ctia BC. Dung diém B’ sao cho

b) Goi J 1a trung diém ciia BB'. Chiing minh BJ = IG.

® Loi gidi.
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1. CAC DINH NGHIA K&t néi tri thirc véi cude séng

BAI TAP TU LUYEN

$> Bai 6. Cho hinh binh hanh ABCD. Goi M, N lan lugt 1a it 1a trung dlem ctia DC, AB; P la giao diém ctia
AM va DB; Q 1a giao diém ctia CN va DB. Ching minh DP = PO = QB

® Ldi gidi.

&> Bai 7. Cho hinh thang ABCD c6 hai day 1a AB va CD v6i AB = 2CD. Tit C vé CI = DA. Chiing minh
rang:

a) DI = CB.

b) Al = IB = DC.

® Li gidi.

$> Bai 8. Cho hinh binh hanh ABCD. Hai diém M va N lan ludt 12 trung d dlem cta BC vaAD. Diém I 1a
giao di€m ctia AM va BN, K 1a giao diém ctia DM va CN. Chiing minh DK =1IB.

® Loi gidi.

y J/ J J

e

L&i gidi.
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y 4/ J J

$>Bai 10. Cho tam gidc ABC ¢6 trung tuyén AM, Trén canh AC ldy hai di€m E va F sao cho AE =
EF = FC; BE cat AM tai N. Ching minh NA = MN.

o Li gidi.

BAI TAP TONG HOP

< Bai 11. Cho hinh binh hanh ABCD. Goi E, F,M va N 1an lugt 1a trung diém ctia canh AB, BC,CD va
DA.

a) Chiing to ring 3 vecto EF ,E ,W cung phuong;

b) Chiing to ring EF = NM. Suy ra t gidc EFMN la hinh binh hanh.

® Li gidi.

> Bai 12. Cho hai binh binh hanh ABCD va ABEF. Dung EH va FG bing AD. Ching minh CDGH Ia
hinh binh hanh.

o Li gidi.
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1. CAC DINH NGHIA K&t néi tri thirc véi cude séng

y 4/ J J

$>Bai 13. Cho tam gidc ABC c6 M la trung diém ctia doan BC, phan gidc ngoai géc A cat BC & D. Gia
sit giao diém ctia dudng tron ngoai tiép tam gidc ADM vdi AB, AC lan lugt 1a E, F (khic A). Goi N 1a
trung diém cua doan EF. Ching minh hai véc-td MN va AD cung phuong.

> Bai 14. Cho tam gidc ABC c¢6 O nam trong tam gidc. Cac tia AO, BO, CO cit cac canh d6i dién 1an
lu_(j)t taiﬂ, N, P. Qua O ké duong thflng song song véi BC cat MN, MP tai H, K. Ching minh rﬁng:
OH = KO.

 Loi gidi.

e
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Bir2. TONG VA HIEU CUA HAI VECTO

A-TOM TAT Li THUYET

D Binh nghia tdng va hiéu hai véc-to
<>‘> Pinh nghia 2.1 (Phep cong). Cho hai véc-to @ Va b. Véi diém A bit ky, dung AB = d,dung B BC =

b. Khi do, vec-td AC dugc g01 la Vec -to tong cua avab.
Ta ky hiéu: @ + b tic la: @ + b= AB—|—BC AC.

Phép toan tim tdng cta hai véc-td con goi 1a phép cong véc-to.

$> Dinh nghia 2.2 (Véc-td doi). Cho véc-to @, véc-td ¢6 cung do dai va ngugc hudng véi @ duge goi
1a véc-to ddi ctia @, ky hidu 1a —d.

>
a

< Pinh nghla 2.3 (Phep trur). Cho hai véc-to @ va b Phép phép trit cia @ véi b dugc dinh nghia la

phép cong cua @ v6i —b. N
Kyhleua—b—a+( b).

E®) <uy téc hinh binh hanh
Cho hinh binh hanh ABCD, khi d6

@ AC=AB+AD

© AB—AD=DB

A D
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2. TONG VA HIEU CUA HAI VECTO Két néi tri thirc véi cude séng

y J/ J J

E®) Cdc tinh chét clia phép céng, trir hai véc-to
$> Tinh chat 2.1. (giao hodn va két hop)

Q) dT+b=0b+7, ) T+(b+3)=(@+b)+7.
> Tinh chat 2.2. (véc-to ddi)

a)-0=0 b T—b=—(b-7). ¢) —AB = BA.
¢S Tinh chat 2.3. (cong vdi véc-to 0)3+0=0+a=2a.
¢ Tinh chat 2.4. Cho3 diémA,B,C ta co:

a) AB+BC = AC (quy tac 3 diém), b) AB—AC = CB (quy tdc triy).

$® Tinh chat 2.5.
a) (quy tac trung diém) I 13 trung diém AB < IA +1B = 0,

—>

b) (quy tic trong tim) G Ia trong tim NABC < GA+GB+GC=0.

B-CAC DANG TOAN

Dua vao quy tic cong, trii, quy tic 3 diém, hinh binh hanh, ta bién d&i va dung hinh d€ xac dinh cic
véc-td. Chu y cac quy tac sau day.

a) —AB = BA. ¢) AB—AC = CB (quy tic tri).

b) AB+BC = AC (quy tic 3 diém). d) AB+AD = AC (ABCD 14 hinh binh hanh).

$¢> Vidu 1. Cho tam gidc ABC.

a) Xc dinh véc-td @ = AB + BC. ¢) Xic dinh véc-to @ = AB + AC.

b) Xic dinh véc-td b = AB — AC.

D Ldi gidi.

> Vidu 2. Cho hinh binh hanh ABCD, ¢6 tam O. Hay xac dinh cc véc-to sau day:
a) ¥ =AB+AD. ¢) Z=CD—AC.

b) ¥ =AO+CD. d) 7 =0A—BD.

@ | &i gidii _
10/273 ‘ B Th.S Nguyén Hoang Viet — 8 0905.193.688 m




Chuong 1. VECTO Két néi tri thirc vai cude séng

y 4/ J J

¢ Vidu 3. Cho tam gidc ABC déu, G 1a trong tam va M la trung diém canh BC. Hay xdc dinh cic
véc-td sau day:

a) @:I—G_)C c) A_B)+1\TC
b) AG+ CB. d) AB+GB + GC.
® Loi giai

> Vidu 4. Cho doan thang AB c6 trung diém 1a I. Goi M 1a mot diém tuy y khong nam trén dudng
thang AB. LAy trén tia MI mot diém N sao cho IN = MI. Hiy xéic dinh cic véc-to:

a) MA -+ MB —MI. b) AM + NI.

® Loi gidi.
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2. TONG VA HIEU CUA HAI VECTO Két néi tri thirc véi cude séng
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BAI TAP TU LUYEN

> Bai 1. Cho hinh binh hanh ABCD c6 tam O. Xdac dinh céc véc-td dbi clia cac véc-td sau day:

a) OA, DO. b) AC, DA.

¢ Bai 2. Cho hinh binh hanh ABCD c6 tam O. Xdc dinh cdc véc-td sau day:

a) OA + OB+ OC + OD. ¢) AC+ BD + BA + DA.
b) OA +BO-+CO + DO. d) OA +CB+ OC+AD.
® Loi giai

$> Bai 3. Cho tam giac ABC. Tim véc-td X trong cac trudng hop:

a) ¥ +BC=AC+BA. b) CA— ¥ —CB=AB.

$>Bai 4. Cho tam giac ABC. Goi M,N, P lan ludt 1a trung diém BC,AC,AB. Xdc dinh cic véc-to sau
day:

a) PB+MC +NA. b) BA -+ PA +CM.

® Loi gidi. _
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Chuong 1. VECTO

Két ndi tri thire véi cude séng
V' J J J

$>Bai 5. Cho tam gidc ABC, goi M 1a trung diém AC va N 1a diém ddi xing ctia B qua M. Xd4c dinh cc
véc-td sau day:

a) ﬁ%—ﬁ c) ﬁ%—]\?é#—m.
b) BA+CN. d) BA 4+ BC — MN.
D Loi gidi.

$9 Bdi 6. Cho hinh luc gidc déu ABCDEF, goi M, N, P, Q, R, S lan luot 1a trung diém AB, BC, CD, DE,
EF, FA. Xac dinh cac véc-td sau day:

a) AD+ BE +CF — AE — BF —CD. b) MO+ RN +PS.

® Loi gidi.

o N 8 1
¢S Bai 7. Cho tam giac ABC. Goi D, E, F lan lugt nam trén canh BC,AC,AB sao cho BD = —BC, CE =

1 1
§CA, AF = §AB. Xéc dinh céc véc-td sau day:

a) AF +BD+CE b) AD+ BE +CF

D Loi gidi.

B Dang 2. Xdc dinh diém thda ddng thirc véc-to cho truéc

D€ xic dinh diém M thda dang thiic véc-td cho trude, ta 1am nhu sau:
o HUONG 1: N
— Bién ddi dang thifc véc-to da cho vé dang AM = 7, trong d6 A 1a diém cd dinh va V' 12 véc-to cb dinh.

— Ly A lam diém gbc, dung véc-to bang ¥ thi diém ngon chinh 1a di€ém M can tim.
o HUONG 2:
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2. TONG VA HIEU CUA HAI VECTO

— Bién ddi déng thic véc-to da cho vé dang AM = AB, trong d6 A, B 1a hai diém cé dinh.
— Khi d6 diém M can tim trung véi diém B.

oHUONG 3:

— Bién d6i dang thiic véc-tc da cho vé mot dang thiic véc-to ludn ding véi moi diém M.
— Khi d6 diém M can tim la diém tay y.

ocHUONG 4:

— Bién d6i dang thiic véc-to da cho vé mot dang thiic véc-to ludn sai véi moi diém M.

— Khi d6 khong c6 di€ém M nao thoa diéu kién.
oHUONG 5: .
— Bién ddi dang thiic véc-to da cho vé dang ‘Iﬁ ’ = ‘AB
— Khi d6 diém M can tim thudc dudng tron tdm 1, ban kinh AB.
oHUONG 6: .

— Bién d6i dang thiic véc-to da cho vé dang ‘MA‘ = ‘Aﬁ
— Khi d6 diém M can tim thudc dudng trung truc ctia doan AB.

, trong d6 1,A, B 1a c4c diém cb dinh.

, trong d6 A, B 1a cic diém cb dinh phan biét.

¢> Vidu 5. Cho tam gidc ABC. Tim diém M thda man diéu kién BA+BC+MB = 0.

14/273 ‘

Két ndi tri thirc véi cude séng

y J/ J J

$> Vidu 6. Cho tam gidc ABC. Tim diém M thda mén diéu kién MA — MB +MC = BC.

 Loi gidi.
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Chuong 1. VECTO Két néi tri thirc vai cude séng

y 4/ J J

$> Vidu 8. Cho tam gidc ABC. Tim diém M thda man didu kién |MA| = |[MB — MC).

® Loi gidi.

BAI TAP TU LUYEN

$> Bai 8. Cho AABC. Dung diém M théa man diéu kién

MA+MB—-MC=0. (1)

® Li gidi.

<>?> BC|| 10._Cho tam gidc ABC. Goi [ la trung diém ctia canh AC. Tim diém M théa man diéu kién
IB+AI—IC-CM = 0.

$>Bai 11. Cho tam gigc ABC. Goi I, K lan luot 1a trung diém ctia cac doan thang BC,Al. Tim diém M
thda man diéu kién BA + BI — BM+AK+IC=0.

® Loi gidi.
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2. TONG VA HIEU CUA HAI VECTO Két néi tri thirc véi cude séng

y 4/ J J

$>B&i 12. Cho hinh binh hanh ABCD tim O. Tim diém M théa man diéu kién CO + BO = OM.

® Loi gidi.

$>Bai 14. Cho tam gidc ABC. Goi G la trong tam ciia tam gidc ABC. Tim di€m M thoa man diéu kién
AB+BG+CA—-CM = 0.

MA + BC.

$>Bai 17. Cho tam gidc ABC. Tim diém M thda man diéu kién |MA — CA| = |AC — AB.

® Loi gidi.
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Chuong 1. VECTO Két ndi tri thirc véi cude sbng

y J/ J J

4> Bai 18. Cho tam gidc ABC. Tim diém M thda man diéu kién |BA — BM| = |MA + AC).

® Loi gidi.

$>B&i 19. Cho nim diém A, B,C, D, E. Tim diém M théa mén diéu kién AD + BE +CM = AE + BM +
CD.

® Loi gidi.

%& Dang 3. Tinh dd dai cla tc“;ng va hiéu hai véc-to

— Do dai clia véc-td biang do dai clia doan thang c6 hai dau muit 12 diém dau va diém cudi ctia véc-td do.
— Ta thudng st dung cac cong thic vé canh nhu hé thic lugng tam gidc vudng, dinh 1y Pytago, tinh chét
tam giac déu, hinh chif nhat, hinh vudng,. ..

$> Vidu 9. Cho tam gidc déu ABC canh a. Tinh ‘A_é —AC ‘

® Loi gidi.

¢ Vidu 10. Cho hinh vuong ABCD canh a. Tinh ‘lﬁ +I?C‘

® Loi gidi.

$> Vidu 11. Ching minh ring néu AABC théa min )ﬁ +AC ‘ = ‘E—A_C) ’ thi AABC la tam giac
vulng.

D L&i gidi.
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2. TONG VA HIEU CUA HAI VECTO Két néi tri thirc véi cude séng

y 4/ J J

$> Vidu 12. Cho hinh vuéng ABCD canh a, Goi M la trung diém ciia AB, N la diém dbi xing véi C
qua D. Hay tinh do dai cua véc-té sau MD, MN.

® Loi gidi.

& Vi du 13. Cho hinh vudng ABCD canh a, M la mét diém bét ky. Tinh do dai véc-to MA — MB —
MC+MD.

® Loi gidi.

BAI TAP TONG HOP

$> Bai 20. Cho tam gidc déu ABC canh 5a. Tinh do dai cic véc-to AB+BC , CA —CB.

 Loi gidi.

¢ B&ii 21. Xét cdc véc-to @ va b khdc 0. Khinao thi [@ + b | = |@|+|D|.

 Loi gidi.
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y 4/ J J

> Bdi 23. Chung minh ring véi @ va b khong cling phuong thi

@- Bl <|@+B|<[al+B]

$> Bdi 24. Cho tam m gidc ABC can tai A, dudng cao AH. B1et AB = a va BC =2b (v6i a > b > 0). Tinh
do dai véc-to tdng AB+ BH va do dai véc-to hiéu AB—CA.

$> Bl 25. Cho tam gidgc ABC vudng tai A, AB = a, BC = a+/5. Tinh d¢ dai cic Véc-tdﬁ—i-B—)C, CA—CB.

D Loi qidi. .
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2. TONG VA HIEU CUA HAI VECTO Két néi tri thirc véi cude séng

y 4/ J J

¢ Bai 26. Cho tam gidc ABC vudng tai A, biét AB = a va AC = 3a. Tinh do dai véc-to tdng AB +AC va
do dai véc-to hiéu AB — AC.

® Loi gidi.

4> B&i 27. Cho hinh thoi ABCD ¢6 tim O, canh bing 4 va BAD = 60°. Tinh:

(E’Jrﬂ)’],‘o_c’—ﬁ‘, ~0D+DB+0C|.

® Loi gidi.

$> Bai 28. Cho dudng thang d va hai diém A, B phan biét, khong ndm trén d. Tim M € d sao cho
‘m —I—EL{‘ nhé nhit.

 Loi gidi.
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Chuong 1. VECTO

Két ndi tri thire véi cude séng

y J/ J J

gi4 tri nho nhét ctia biéu thiic

$> Bdi 29. Cho duvng thang d va hai di€ém A, B ndm trén nifa mit phang c6 b 1a dudng thang d. Tim
MA ,V6i M € d.

® Loi gidi.

& Dang 4. Chitng minh déng thirc véc-to

a) St dung quy tic ba diém.

b) St dung quy tic hinh binh hanh.

¢ Vidu 14. Cho 5 diém A, B,C, D, E. Chiing minh riing AB + CD + EA = CB+ ED.

$> Vidu 15. Cho hinh binh hanh ABCD. Chiing minh ring BA+DA+AC =

Pi

® Loi gidi.

minh ring AM +BN+CP= 0.

& Vi du 16, Cho tam gigc ABC. Goi M,N,P lan ludt 1a trung diém clia cac canh BC,CA,AB. Ching

® Loi gidi.
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2. TONG VA HIEU CUA HAI VECTO Két néi tri thirc véi cude séng

y 4/ J J

. Vi du 18. Chiing minh rang néu hai hinh binh hanh ABCD va A’B'C'D’ ¢6 cuing tam thi AA' BB +
CcC'+DD' = 0.

® Loi gidi.

BAI TAP TU LUYEN

> Béii 30. Chiing minh riing AB = CD < AC = BD.

<> Bai 31. Cho hinh binh hanh ABCD va M 1a diém tuy y. Chiing minh:

MA — MB = MD — MC.

 Loi gidi.

%> B&i 32. Cho hinh binh hanh ABCD. Chitng minh ring véi diém M bét ki ta luon c6 MA +MC =
MB+MD.

 Loi gidi.
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y 4/ J J

> Bai 33. Cho tam gidc ABC, goi M,N,P lan lugt 1a trung di dlem cua cédc canh BC,CA,AB. Ching minh
rang v6i diém O bét ki ta ludn c6 OA + OB + OC = OM + ON + OP.

o Li gidi.

<>‘> Bai 34 Cho tam giac ABC ¢6 trong tam G. Goi [ la trung d diém cta BC. Dung diém B’ sao cho
B'B=AG. Goi J 1a trung diém ctia BB'. Ching minh ring BJ = I IG.

® Loi gidi.
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2. TONG VA HIEU CUA HAI VECTO Két néi tri thirc véi cude séng

y J/ J J

$> Bai 36. Cho hinh binh hanh ABCD. Goi E va F 1an lugt 12 trung diém cua hai canh AB va CD. N6i
AF va CE, hai dudng nay cat duong chéo BD lan lugt tai M va N. Chitng minh DM = MN = NB.

® Ldi gidi.

$9 Bai 37. Cho hinh binh hanh ABCD. Trén cac doan thang DC, AB theo thit tu 1dy cac dlem M, N sao cho
DM = BN. C Goi P la giao diém ctia AM, DB va Q la giao diém ctia CN, DB. Ching minh ring AM = NC
va DP = QB

D Li gidi.

$> Bai 38. Cho tam gidac ABC co H la tryc tam va O 1a tAm dudng tron ngoai tiép. Goi B 1a diém dbi
xung ciia B qua O. Chiing minh AH = BCvaAB = HC.

® Li gidi.

. . ) £ A A i 1 S
¢S Bai 39. Cho tam giac ABC c¢6 trung tuyén AM. Trén canh AC lay diém E sao cho AE = §AC va BE
cit AM tai N. Chiing minh NA +NM = 0.

® Loi gidi.
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y 4/ J J

<> Bdi 40. Cho ngii gidc déu ABCDE tam O. Chiing minh ring OA + OB+ OC + OD + OE = 0.

$>Bai 41. Cho da gidc déu A1A,...A, v6in € Nvan >3 ¢6 tam O. Chiing minh riing 7 = OA{ + OA; +
..+ O0A, = 0.

® Loi gidi.

BAI TAP TONG HOP

$>Bai 42. Cho n véc-to ay,as,.. . ,a,. Dung 07{ =a1,A1Ary =a3,... A 1A, = cTn’._)Chﬁ’ng minh rang
diéu kién can va di dé duong gip khiic OA 1A, ... A, khépkinlaaj +ar+---+a, = 0.

o Li gidi.

<9 Bai 43. Cho hinh vuéng ABCD tam O, canh a. Hiy xé4c dinh va tinh do dai cac véc-to:

AD+AB,0A + OC,0B + BD, AB + AC.

® Loi gidi.
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2. TONG VA HIEU CUA HAI VECTO Két néi tri thirc véi cude séng

y 4/ J J

¢ Bai 44. Cho hinh chit nhat ABCD tam O, AB = 2a, AD = a, M 1a trung diém CD.
a) Ching minh AB—AD = CB—CD.

b) Tinh ’ﬁ)ﬁra_’M].
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y 4/ J J

¢S Bai 45. Cho hinh binh hanh ABCD, I 1a trung di€m BC. Tim diém M thdéa man:

BC+MD =Bl —CA. (*)

o Li gidi.

$> Bai 46. Cho tam gidc ABC. Vé phia ngoai tam gidc vé cac hinh binh hanh ABIJ, BCPQ, CARS. Chiing
minh ring o
RI+I0+PS=0.

® Loi gidi.
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2. TONG VA HIEU CUA HAI VECTO Két néi tri thirc véi cude séng

y 4/ J J

<> Badi 47. Cho tam §iéc ABC. Goi A1, B1,C lan luot 12 trung diém cic canh BC, CA, AB. Chiing minh
AA;+BB{+CC; = 0.

® Loi gidi.

$> Bai 48. Cho AABC. Goi A’ 1a diém ddi xiing véi B qua A, goi B’ 1a diém dbi xiing véi C qua B, goi
C' 1a diém dbi xing v6i A qua C. Ching minh ring v6i mot diém O bat ki ta c6

OA +O0B+0C = 0A' + 0B +0C'.

® Loi gidi.
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y 4/ J J

¢ Bai 49. Cho bay diém A,B,C,D,E,F,H. Ching minh:

AB+CD+EF +HA =CB+ED+HE.

o Li gidi.

$> BAi 50. Cho hai luc F;, F, déu c6 cuong do 12 40 N, ¢6 didm dit tai O va hop véi nhau mot géc 60°.
Tinh cuong dd luc téng hop clia hai luc nay.

¢ BAi 51. Cho hai luc F,, F 1an lugt c6 cudng dd 30 N va 40 N, c6 diém dit O va vudng géc véi nhau.
Tinh cudng dd luc tdng hop cuia chiing.

o Loi gidi.
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2. TONG VA HIEU CUA HAI VECTO Két néi tri thirc véi cude séng

y 4/ J J

$> Bai 52. Cho 2018 diém trén mit phang. Ban Quynh ki hidu ching 1a Ay, A,,. .., Axs. Ban Van ki
hiéu chung la By, B,.. ., Byp1g. Chiing minh rﬁng:

A1B1+AxBy+ - +A018B2018 = 0.

® Loi gidi.

$> Bai 53. Cho n-da gidc déu A1A,...A, (n1&, n > 2) noi tiép dudng tron tim O. Chiing minh ring

OA|+OAy+---+0A, = 0.
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y J/ J J
Bir 3. TICH CUA MOT VECTG VOI MOT SO

A-TOM TAT Li THUYET
Pinh nghia

4> Dinh nghia 3.1. Cho s6 k #0 va d # 0. Tich clia véc-to @ véi sb k 1a mot véc-to, ki hiéu 1a k@,
dudc xac dinh nhu sau:

@ kd cung phuong d.
@ kd cung huéng @ khi k > 0.
@ kd ngudc huéng @ khi k < 0.
@ [kd|= |k|.|@|

Quy wde: 0@ = 0:k0 =0,

Phép 14y tich ctia mot véc-to véi mot sb goi 12 phép nhan véc-te véi mot sé (hoic phép nhan mot sb véi mot
véc-t3).

Tinh chét
$> Tinh chat 3.1. Cho @, b batki vak;h € R, khi do:
@ k(@+b)=kd +kb;
@ (k+h)@=kd +hb;
@ k(had) = (kh)d;
@ld=4d;(-1)d=-4d.
$> Tinh chat 3.2 (Tinh chét trung diém). Chol Ia trung diém ciia doan AB, vdi moi M ta co:
MA +MB =2MI.
$> Tinh chat 3.3 (Tinh chit trong tam tam giac). Cho G li trong tim ANABC, véi moi M ta co:
MA +MB+MC = 3MG.
Piéu kién dé hai véc-to ciing phuong

V@, b taco: @ cing phuong b (b # 0) < IkeR: T =kb.

Phan tich (biéu dién) mét véc-to theo hai véc-to khéng cliing phuong

g 4 4
Cho hai yéc-to d, b khong cung phuong. Khi d6 V¥ ta ludn tim dudc duy nhat cdp sd m,n sao cho ¥ =
—>
md +nb.

B- CAC DANG TOAN
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Két ndi tri thirc véi cude séng

y J/ J J

& Dang 1. Cac bdi todn st dung dinh nghia

va tinh chét clia phép nhén véc-to véi mét sé.

tap.

Phuong phép giai: Ap dung dinh nghia va cdc tinh cht ctia phép nhan véc-to véi mot sd d€ gidi cac bai

¢> Vidu 1. Cho @ = —2@ +5b. Tim véc-to dbi ciia 7.

 Loi gidi.

a) BC theo IB.
b) BC theo IC.

<) A_G) theo IA.

> Vidu 2. Cho AABC c6 trong tim G. Goi I 1a trung diém ctia BC. Hay tinh:

$> Vidu 3. Ching minh rang 7 1a trung di€ém ctia AB khi va chi khi 7A +IB=0.
® Loi gidi.
(=) Ilatrung dlem cua AB nen IAvaIB ngudc hudng va c6 cung
do dai. Do d6IA+1B=0. A ' ! ' B
(<) TA+1B = 0 suy ra hai véc-to JA va IB dbi nhau. Do d6 I 1a
trung diém ctia AB.
O
BAI TAP TU LUYEN
¢ Bai 1. Cho hai véc-td @, b. Tim céc véc-to dbi clia cic véc-to sau:
a) =73 —5b.
b) V=(V3+1)@+45b.
©) ¥ =(-2v2)(33 -2b)
Oi gidi _
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y 4/ J J

$9 Bdi 2. Cho hinh binh hanh ABCD c¢6 taim O. Goi M, N lan luct 1a trung diém ctia AD, BC.
a) Tim x;y biét AB = xO—M, BD = yO—B).

A 2 2, ~ 2 ~ o~
b) Tim tat c4 cic véc-to @ thda man ¥ = 20N.

® Loi gidi.

$>Bai 3. Cho AABC vudng, AB = AC = 2. Hay dung céc véc-td sau diy va tinh do dai cla chiing.
a) @ =AB+AC.

b) V = 3AB +2AC.

<O Bf:lii) Cho AABC déu canh 4 cm. Goi M 1a trung diém cta BC. Hay dung va tinh do dai véc-to
U =2AM.

o Loi gidi.
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3. TICH CUA MOT VECTO V3I MOT 5O K&t néi i thirc véi cude séng

y J/ J J

> Bai 5. Cho dudng tron tim O va hai day cung AB,CD vudng géc v6i nhau va cit nhau tai E. Goi I,J
1an lugt 1a trung diém ctia cia AD va BC. Chiing minh ring OIEJ 1a hinh binh hanh.

& Dang 2. Phan tich moét véc-to theo hai véc-to khong cung phuong

Dung cic quy tac vé véc-to dé phan tich mot véc-to theo hai véc-to khong cling phuong.
Ly thuyét can nhé

- Cho 2 véc-to | @ va b khong cung phuong. Khi d6, v6i moi X, ton tai duy nhit cip sb A4, k sao cho
X =hd+kb.

- Di€ém M thudc doan AB sao cho xAM = yBM (x,y > 0) thi AM = —_AB

X+y
- Quy tic 3 diém: AB +AC = BC.

- Quy tac hinh binh hanh o
Néu ABCD 2 hinh binh hanh thi AB+AD = AC.

- Hiéu cua hai véc-to: AC — AB = BC.

- Trung diém ctia doan thang
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y J/ J J

7 2 2 e 1 s
I 1a trung diém cua doan thang AB < Al = —AB

SIA+IB=0
& MA +MB = 2M1,YM bat ky

- Trong tam cua tam giac

G la trong tam cua tam giac ABC < GA —|— GB —|— GC =0
& MA +MB + MC = 3MG, VM bit ky

¢ Vidu 4. Cho tam gidc ABC c¢6 G la trong tam. Phan tich véc-to AG theo 2 véc-to AB va AC.

& Vi du 5. Cho hinh binh hanh ABCD. Goi M la trung diém ctia canh CD. Phan tich véc-td AM theo 2

véc-td AB va AC.

D Loi gidi.

¢ Vidu 6. Cho tam gidc ABC. Goi H, K lan ludt thudc 2 canh AB va AC sao cho 3AH =

2AB, 3AK =

AC. Trén canh BC liy diém M sao cho 4BM = 3MC. Phan tich véc-to BM theo 2 véc-to AH va AK.

® L3i gidi.

¢ Vidu 7. Cho tit gidc ABCD (AD va BC khong song song). Trén canh AB va CD lan lugt lay 2 diém
M, N sao cho AM = kAB va DN = kDC (0 < k < 1). Phan tich véc-td MN theo 2 véc-to AD va BC.

35 /273"

@ Loi gidi.

B Th.S Nguyén Hoang Viet — @ 0905.193.688 m



3. TICH CUA MOT VECTO V3I MOT 5O K&t néi i thirc véi cude séng

y 4/ J J

BAI TAP TU LUYEN

|
!

¢ Bai 6._Cho hinh binh binh hanh ABCD. DitAB = d.AD = b Hay biéu dién cac vec-td sao diy theo
vec-to @, b.

a) DI véi I 1a trung diém BC.

b) AG v6i G 1a trong tam cua tam giac CDI.

 Loi gidi.

$> Bai 7. Cho tam giac ABC c6 trong tam G. H 1a diém dbi xiing ctia B qua G.
a) Tinh AH va CH theo AB va AC.

b) Goi M la trung diém ctia BC.
N — l1—» 5—
Chiing minh rang: MH = EAC = EAB.

® Loi gidi.
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y 4/ J J

$>Bai 8. Cho tam gidc ABC c¢6 trong tAm G. Cho céac diém an Tuc
canh BC CA,AB va I 1a giao diém cta AD va EF. Dit @ = AE,V = AF. Hay phan tich cdc vec-to
AI AG DE DC theo hai vec-to u,v.

o Li gidi.

$>Bai 9. Cho tam giac ABC. Di€m M trén canh BC sao cho MB = 2MC. Hay phan tich vec-to AM theo

—>

hai vec-td @ = AB, V = AC.

> Bai 10. Cho tam gidc ABC c¢6 M, D lan ludt 1a trung diém ctia AB, BC va N la diém trén canh AC sao

—_—> 1_) R L ~ A , 2, , T R . z = N
cho AN = §NC. Goi K la trung diém cua MN. Hay phan tich cac véc-tod AK, KD theo hai véc-td AB va
AC.

o Li gidi.
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y 4/ J J

$>Bai 11. Cho tam gidc ABC. Goi M trung di€ém cia AB va N thuc canh AC sao cho: AN = 2NC.
a) Goi K 1a trung di€m ctia BC. Hay phan tich véc-to AK theo hai véc-to AM va AN .
b) Goi H 1a trung diém ctia MN. Hay phan tich véc-to AH theo hai véc-to AB va AC.

® Loi gidi.

$>Bdi 12. Cho tam gidc ABC. Goi céc di€ém M, N, P théa man MB = 3MC NA = 3CN PA+PB=0.
Hay phan tich cac véc-to PM PN theo hai véc-to AB va AC.
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Chuong 1. VECTO Két ndi tri thirc véi cude sbng

y J/ J J

$>Bai 13. Cho tam gidc ABC. Piém I thudc tia dbi ctia tia CB kéo dai sao cho IB = 3IC, diém J thudc
tia d6i clia tia CA sao cho JA 2JC, diém K thuoc t1a ddi cta tia AB sao cho KB = 3KA.

a) Phan tich céac Vec -to AI JK theo hai Vec -td Al ABvaAC.

b) Phan tich véc-to BC theo hai véc-to Al va JK.

& Dang 3. Chitng minh déng thirc véc-to cé chita tich ctia véc-to véi mét sé

Phuwong phdp giai:
®@ Hudng 1. Bién d6i mot vé thanh vé con lai. Khi do:

- Néu xuit phat tit vé phic tap ta can thuc hién viéc don gian biéu thiic.

- Néu xuit phat tir vé don gian ta can thuc hién viéc phan tich véc-to.
@ Hudng 2. Bién ddi dang thic can chitng minh vé mot dang thic da biét 1a ludn diing.
® Hudng 3. Bién ddi mot dang thiic véc-to da biét luon diing thanh déng thiic can chiing minh.
Khi thuc hién cdc phép bién doi can luu y:
- Quy tde ba diém: Véi ba diém A, B,C bit ki ta luon c6: AB = AC + CB.
_ Quy tdc hinh binh hanh: Vi hinh binh hanh ABCD ta ludn c6: AC = AB + AD.
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3. TICH CUA MOT VECTO V3I MOT 5O K&t néi i thirc véi cude séng

y J/ J J

~ Quy tdc trir: Véi ba diém A, B, O bt ki ta ludn c6: OB — OA = AB.
- Tinh chdt trung diém ciia doan thang: Véi diém M tuy y va I 1a trung diém ctia AB ta co:
IA+IB=70.
il = 3 (MA -+ MB).
- Tinh chdt trong tdm tam gidc: V6i diém M tuy y va G 1a trong tim cla tam gidc ABC ta co:
GA+GB+GC=0.
MA +MB+MC = 3MG.

- Cdc tinh chdt ciia phép cong, tric véc-to va phép nhdn mot s6 voi mot véc-to.

$> Vidu 8. Cho hinh binh hanh ABCD. Chiing minh ring:

AB +2AC +AD = 3AC.

D Ldi gidi.

$> Vidu 9. Cho tam gidc ABC véi trong tim G. Ching minh rang: BA +CA = —34G.

® Loi gidi.

> Vi du 10 Cho it giac ABCD. Goi M va N 1an lugt 12 trung diém cic doan thang AB va CD. Ching
minh ring: AC +BD = 2MN.

 Loi gidi.
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Chuong 1. VECTO Két néi tri thirc vai cude séng

y 4/ J J

$> Vidu 11. Cho tam gidc ABC. Goi M 1a diém trén canh BC sao cho MB = 2MC. Ching minh ring:
AM = -AB+ -AC.
3 + 3

o Li gidi.

$> Vidu 12. Cho tii gidc ABCD. Goi M, N 1an ludt thudc cac doan thang AB,CD sao cho MB = 2MA
vad NC = 2ND. Chiing minh rang:

i

— 2
MN = -AD+ =BC.
3 +3

® Loi gidi.
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3. TICH CUA MOT VECTO V3I MOT 5O K&t néi i thirc véi cude séng
> Vidu 13. Cho tam gidc ABC. Lan ludt iy cac diém M, N, P trén cac doan thang AB, BC va CA sao

1 1 1 .
cho AM = §AB,BN = §BC, CP = gCA. Chiing minh rang:

AN +BP+CM = 0.

 Loi gidi.

$> Vidu 14. Cho hinh binh hanh ABCD c6 tim O. Goi M 1a mot diém bt ki. Chiing minh ring:
a) OA+OB+0C+0D= 0.

b) MA +MB+MC +MD = 4MO.

® Ldi gidi.

¢ Vidu 15. Cho tam gidc déu ABC tim O. M 1a mot diém bat ki trong tam gidc. Goi D, E, F 1an ludt
2 S —_— — — 3—>
la hinh chi€u cta M trén BC,CA,AB. Ching minh rang: MD + ME +MF = EMO.

~ .

D Lo gidi _
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y 4/ J J

BAI TAP TU LUYEN

$> Bdi 14. Cho hinh binh hanh ABCD c6 tim O. Chiing minh ring:

BA + BC + BD = 40D.

$>Bai 15. Goi G va G’ 1an ludt 1a trong tim ctia tam gidgc ABC va A’B'C’. Chiing minh ring:

AA'+ BB +CC' =3GG'.

® Li gidi.
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3. TICH CUA MOT VECTO VOI MOT 5O K&t néi tri thic véi cude séng

y 4/ J J

%> Bai 16. Cho tif gidc ABCD. Goi M, N lan lugt Ia trung di€m cita AC,BD. Ching minh ring: MA +
MB +MC + MD = 2MN.

 Loi gidi.

$>Bai 17. Cho tid giac ABCD. Goi M, N, I 1an ludt 1a trung diém ctia AC, BD va MN. Chiing minh rang:
a) IA+IB+IC+ID=0.
b) OA-+ OB+ OC+ OD = 401 (véi O Ia diém bét ki).

® Loi gidi.
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Chuong 1. VECTO Két néi tri thirc vai cude séng

y 4/ J J

$>Bai 18. Cho tam gidc ABC ndi tiép dudng tron tam O va H 1a truc tAm. Goi D 1a diém d6i xing clia
A qua 0. Chu?ng minh rang

a)HA + HB + HC = 2HO.

b)OA + OB + 0C = OH.

® Loi gidi.

¢ Bai 19. Cho dudng tron (1) ndi tiép tam gidc ABC c6 AB = ¢,AC = b,BC = a. Chiing minh ring:
alA +bIB+cIC=0.

o Li gidi.
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3. TICH CUA MOT VECTO VOI MOT 5O

Két ndi tri thirc véi cude séng

y J/ J J

Syap = S¢. Chiing minh r?mg:

$> Bai 20. Cho tam gidac ABC va mdt diém M bét ki nam trong tam giac ABC. it Sypc = Sa, Svca = Sp,

S,MA +S,MB+S.MC = 0.

® Loi gidi.

Nhdn xét:

@ Cho M trung vdi trong tim G ctia tam gidc ABC, ta ducc két qua: GA+GB+GC=0.

@ Cho M trung v6i tAm dudng tron ndi tiép I clia tam gidc ABC, ta dudc két qua:

a.ITL{ + b.I_B) + c.I—g' = 6

@ Néu tam gidc ABC déu thi vé6i diém M bét ki trong tam gidc, ta co:

x.]\ﬂ—ky.]\ﬁ—i—z.]\?é = 6,

trong d6 x,y,z 1an luct 1 khodng cach tit M dén cic canh BC,CA va AB.

@ Khi M nidm ngoai tam gidc ABC, ta c6 cac két qua nhu sau:

- Néu M thudc géc BAC va géc dbi dinh cta né thi: —S,.MA + Sy MB +S..MC =
- Néu M thudc goéc ABC va gbc ddi dinh cta no thi: Sa.m - Sb.m +S.MC = 0.
0.

—

l

—>

- Néu M thudc goc ACB va gbc dbi dinh ctia né thi: Sa.m + Sb.m —S.MC =

& Dang 4. Chitng minh tinh thdng hang, déng quy

Phuong phdp gidi:

aAB+ (1 — a)AC.

a) St dung nhan xét: ba diém phén biét A, B, C thing hang < 3k € R sao cho AB = kAC.
b) St dung két qua; Cho tam gidgc ABC. Khi do M, B, C thang hang < Ja € R sao cho AM =

¢) St dung céac dinh i vé tinh thang hang, ddng quy nhu Menelaus, Ceva.

e
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Chuong 1. VECTO Két ndi tri thirc véi cude sbng

B—LY THUYET CAN NHO

< Dinh li 3.1. Diéu kién can va dii dé hai véc-to d va b ( b =+ 0 ) ciing phiong 12 ton tai s6 k sao cho
@ =kb.

> Dinh Ii 3.2. Ba diém phan biét A, B, C thing hang khi va chi khi ton tai s6 k sao cho AB = kAC.

< Dinh li 3 3. Cho tam  giac ABC. Khi do diém M thudc duong thang BC khi va chi khi ton tai s6 o sao
choAM = aAB + (1— )AC

&% Dinh li 3.4 (Dinh li Menelaus dang véc-to). Cho tam gidc ABC va ba diém M, N, P thod man
MB = aMC, NC = ﬁNA PA = )/PB Khi do M, N, P thang hang khi va chi khi ay = 1.

& Dinh li 3.5 (Dinh Ii Ceva dang véc-td). Cho tam gidc ABC va ba diém M, N, P thod man MB =
aMC C, NC = BNA, PA = }/PB Khi do cdc duong thang AM, BN, CP doi mot song song hodc dong quy khi
va chi khi oy = —1.

< Vi du 16. Trén cdc canh cia tam gidac ABC lay cdc diém M, N, P sao cho MA +3MB = 6NB— NC =
PC+ 2PA = 0. Chiing minh ba diém M, N, P thang hang.

y J/ J J

D Loi gidi.

$ Vidu 17. Cho tam gidc ABC ¢6 O, H, G lan ludt 1a tim dudng tron ngoai tiép, truc tim va trong tim
clia tam gidc d6. Chiing minh ring ba di€ém O, H, G thang hang.

® Loi gidi.
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3. TICH CUA MOT VECTO V3I MOT 5O K&t néi i thirc véi cude séng

y J/ J J

BAI TAP TU LUYEN

$>Bai 21. Cho tam giac ABC va cic diém P, Q thod man PA = 2PB, 30A+20C = 0. Chiing minh
rang dudng thang PQ di qua trong tim tam gidc ABC.

® Loi gidi.

¢ Bai 22. Cho ti gidc ABCD c6 M, N, P, Q 1an ludt la trung diém cta AB, BC, CD, DA. Goi O la giao
diém ctia hai duong thang MP, NQ; G la trong tim tam giac BCD. Chiing minh ring ba di€ém A, O, G
thang hang.

® Loi gidi.

%9 B&i 23. Cho hinh binh hanh ABCD tam 0. Liy cic diém I va J sao cho 3IA +2IC —2ID = 0 va
JA —2JB+2JC = 0. Chiing minh ring O, I, J thang hang.

$> Bai 24. Cho ti gidc ABCD ndi tiép duong tron (0). X, Y, Z, T lan ludt 12 truc tAm cla cic tam gidc
BCD, CDA, DAB, ABC. Chiing minh rﬁng AX, BY,CZ, DT df)ng quy.

N =

D 16i gidi _
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Chuong 1. VECTO

Két ndi tri thire véi cude séng

y J/ J J

9 Bai 25. Cho goéc xOy va hai diém A, B thay ddi lan ludt trén tia Ox, Oy va hai s6 duong a, b sao cho
aOA + bOB = 1. Chiing minh ring trung diém I ctia doan thang AB ludn thudc vao mot dudng thang cd

dinh.

® Loi gidi.

& Dang 5. Xdc dinh M thod man déng thirc véc-to

Phuang phap: Bién ddi dang thiic véc-to vé mot trong cic dang sau:
OM = V (O cb dinh va V da biét) = M xdc dinh duy nht.

Nhitng diém can chii y:

@ Ap dung cdc qui tdc dé’bién doi nhu: qui tic 3 diém, qui tdc hinh binh hanh, qui tdc hiéu.

® Bién doi ding thiic véc-to sao cho cé duy nhdt mot vec to cé chita diém cudi la diém can tim qua

cdc véc-to da xdc dinh.

~ 78 A . . .« A7 9 A .« A7 A [N A . . N 4. - . A7 A . < A <.
®@ Ve hinh dé xdc dinh diém hodc mo td diém can tim & vi tri nao so vdi cdc diém c6 dinh ma dé bai

da cho.

> Vi du 18. Cho hai diém A, B. Tim I thod man IA + 21

—>

=0
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3. TICH CUA MOT VECTO V3I MOT 5O K&t néi i thirc véi cude séng

y 4/ J J

> Vidu 19. Cho tam giac ABC. Tim J thod man JA+2.JB = CB.

® Loi gidi.

$® Vidu 20. Cho tam gidac ABC. Tim K thoa man: KA—3KB+KC=0.

 Loi gidi.

$> Vidu 22. Cho true hai di€ém A, B va hai s6 thyc o+ B # 0. Chiing minh ring ton tai duy nhat di€m
I thoa man o.JA+ B.IB= 0.

 Loi gidi.
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Két néi tri thirc vai cude séng

BAI TAP TU LUYEN

> Baii 26. Cho tam gidc ABC. Hiy xdc dinh diém M thoa min diéu kién: MA — MB+MC = 0.

® Loi gidi.

&> Béi 28. Cho tam gidc ABC. X4c dinh diém K thoa man diéu kién KA + KB + KC = CB.

® Li gidi.

4> B&i 29. Cho hai diém B, C. Xac dinh diém I thoa min 2IB +3IC = O.

® Loi gidi.
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3. TICH CUA MOT VECTO VOI MOT 5O K&t néi tri thic véi cude séng

y 4/ J J

4> Bai 31. Cho hai diém A, C. X4c dinh diém K thoa min 2KA + KC = 2AC.

® Loi gidi.
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Chuong 1. VECTO

Két ndi tri thire véi cude séng
V' J J J

$>Bdi 34. Cho trude ba diém A, B,C va ba s6 thuc « + B + ¥ # 0. Chiing minh ring tdn tai duy nht
diém I thod man o.JA + B.IB+y.IC = 0.

® Loi gidi.

C -BAI TAP TONG HOP

] .. . e R P g A 3 N AM
¢S Bai 35. Cho tui giac ABCD. Hai diém M, N lan luct thay doi trén cac canh AB va CD sao cho — =

CN . R o,
D’ Tim tap hop cdc diém 7 1a trung diém cua doan MN.

® Loi gidi.

$> Bai 36. Cho tam gidc ABC c6 trong tim G va diém M. Goi A’, B, C' 1an lugt la diém ddi xdng véi M
qua trung diém ctia BC, CA, AB. Chiing minh rang bén dudng thang AA’, BB, CC' va MG ddng quy.

D Loi gidi.
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3. TICH CUA MOT VECTO V3I MOT 5O K&t néi i thirc véi cude séng

y 4/ J J

$> BAi 37. Cho doan thiang AB c6 trung diém 12 1. Piém M la tuy y khong nam trén dudng thing AB.
Trén M1 kéo dai 1y mot diém N sao cho IN = MI.

a) Chiing minh: BN — BA = MB.

b) Tim cic diém D,C sao cho: NA + NI = ND va MN — BN = CN.

$9 Bai 38. Cho hinh binh hanh ABCD.
a) Chiing minh rang: AB —|—AZ‘) —|—A—D) = 2AC.

b) Xac dinh diém M thoi man didu kién: 3MA = AB + AC + AD.

® Loi gidi.
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Chuong 1. VECTO Két néi tri thirc vai cude séng

y 4/ J J

> Bai 39. Cho hinh binh hanh ABCD. Goi M, N 1an lugt 1 trung diém ctia AD, BC.

& — | —
a) Ching minh rang: MN = E(AB +DC).

b) Xac dinh diém K thoa min didu kién: KA + KB+ KC = 0.

o Li gidi.

<> Bai 40. Cho tii gidc ABCD. Goi A’,B',C’, D' 1an ludt 1a trong tAm clia cdc tam giac BCD,CDA,ABD
va ABC, o

a) Chiing minh riing: AA’ + BB' +CC' +DD' = 0.

b) Goi M, N lan lugt 1a trung di€ém ctia AC, BD va I 1a trung di€ém ctia MN. Chiing minh rang:

_— > — —>

IA'+IB +I1C' +1ID' = 0.

® Loi gidi.
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3. TICH CUA MOT VECTO VOI MOT 5O K&t néi tri thic véi cude séng

y 4/ J J

$>Bai 41. Cho dudng tron (1) ndi tiép tam gide ABC, tiép xtc véi cdc canh BC,CA,AB lan lugt tai
M,N,P. Chiing minh rang: aIM +bIN +cIP = 0.

® Loi gidi.
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y 4/ J J

$> Bai 42. Cho tam gidc nhon ABC c6 H 1a tryc tim. Chiing minh ring:

tanA.HZ—HanB.ﬁ—i—taanI_é = 6

® Loi gidi.

~ = A < 1 =2 = 1 g . N . o« 2
¢S Bai 43. Cho hinh binh hanh ABCD. Lay M, N sao cho CM = ECB’ CN = §CD. Goi /,J 1a hai diém
thoa min CI = a@, BJ = ﬁ]?f . Xéc dinh a, B d€ J 1a trong tAm tam giac AMN.
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Két néi tri thirc véi cude séng

y 4/ J J

ke R.
a) Tim k d€ M, N di qua trung diém I ctia AC.

IM
b) Tinh —.
IN

$ Bai 44. Cho AABC, goi M, N lan lugt 12 cdc diém thoa man: BM = 2BC — AB, CN = kAC — BC véi

 Loi gidi.

=
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y J/ J J
Bir4. HE TRUC TOA PO

A-TOM TAT L THUYET

Truc va dé dai dai sb trén truc

Truc t0a do (cong g01 1a truc) 1a mot dudng thang trén d6 da xic dinh mot diém O cb dinh va véc-to don vi
7 (véc-td c6 do dai bang 1).

Di€m O goi 1a goc toa dé.

Huéng cua véc-td don vi 1a hudng cua truc.

Tryc toa do nhu vay ky hiéu la (0; i )

Cho diém tlly ¥ M nam trén truc (O; i ) Khi do, co duy nhét mot s6 k xédc dinh sao cho OM=k-7

S6 k dugc g01 1a toa dj cla dlem M dbi véi truc (O i )

Cho véc-td @ nam trén truc (0, ’,) Khi d6 c6 duy nhét s6 ¢ xdc dinh sao cho @ =1¢- 7.Sbt dudc goi la toa
dé ctia véc-to d dbi véi truc (0; i ).

Nhu vay toa do cua dlem M 1a toa do cua véc-tg OM.

Néu hai dlem A, B nam trén truc Ox. Khi d6 c6 0 duy nhét mot ¢ s6 ¢ sao cho AB=1t-7.Ta goi s6 t d6 1a do dai
ctia véc-to AB dbi véi truc di cho, ky hiéu 12 AB. Nhu vay AB=14B-

A Néu AB cung hudng voi T thz AB = AB.
Néu AB ngugc huong voi T thi AB = —AB.
Néu hai diém A, B trén truc (0; i ) o toa do ldan lugt la a,b thi AB = b — a.

$> Dinh i 4.1. Trén truc s6
Vdi ba dlem bat ky trén truc, ta co AB+ BC = AC.
Hai véc-to AB va CD bang nhau khi va chi khi AB = CD.

Hé truc toa dd

HE truc toa do (0 7, _')) gdm hai truc (0; 7) va (0; 7) vudng goc voi nhau, trong do

biém O g01 la géc toa do.

Truc (O; i ) goi la truc hoanh, ky hiéu la Ox.

Truc (O; j ) goi la truc tung, ky hiéu la Oy.

Céc véc-to i va 7 la cac véc-to don vi trén truc Ox va Oy.

Hé truc toa do (O; i, ) con dudc ky hiéu la Oxy.

A Mt phcfng trén do da chon mot hé truc toa dé Oxy duoc goi la mdt phcfng toa do Oxy hay mdt phcfng
Oxy.

Toa do6 cla véc-to déi véi hé truc toa dod

Dbi véi hé truc toa do (O; 7 . J ) néu@=xi+ y ] thi cdp s6 (x;y) dudc goi 1a toa do ctia véc-to i, ky hiéu
i = (x;y) hay U (x;y).
S6 x goi 1a hoanh dé, y goi 1a tung dé cla véc-to u.

> Dinh If 4.2. Cho hai véc-to @ = (x;y), b = (x'3)) va s6 thuc k. khi do
!
HZ=b o {x_x,
y=y
)d+b=x+xy+y)vad—b=(x-x;y—y)
(i) k@ = (kx; ky)

-~ 3 — — :k/
(iv) @ cung phuong voi b (b # 0) < Jk € R sao cho {x *

y=ky
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4. HETRUC TOA PO Két ndi tri thirc véi cude séng

y J/ J J

Toa dé cla diém

Trong mit phang Oxy, _tao do ctia véc-to OM dudgc goi 1a toa dé ciia di€m M. Nhu vy, (x;y) la toa do cua
diém M khi va chi khi OM = (x;y), ky hiéu M(x;y) hay M = (x;y).

S6 x dudc goi 1a hoanh do, sb y dude goi 1a tung do cta diém M.

A Néu goi H,K ldn lugt la hinh chiéu ciia M trén Ox va Oy thi

M(x;y) <> OM =x17 +yj = OH + OK.
Nhu’vdyO_H):x?hayx:mvd O_>K:y7hayy:ﬁ.
< Dinh Ii 4.3. Vi hai diém A(xa;ya) va B(xp;yp) ta co

AB = (xg —xA;YB — YA)

Toa do trung diém cua doan ihéng va toa dé trong tdm cla tam gidc

$> Dinh |i 4.4. Cho hai diém A(x;ys) va B(xp:;yg). Khi do trung diém I ctia doan thang AB co toa do

X XA +XB
I =
_JA %YB
Y 3
<> Dinh Ii 4.5. Cho ba diém A(xa;ya),B(x;yg) va C(xc;yc). Khi do trong tim G cua tam gidc ABC co
XA +xp+xc
e T
coddo _YA+YBt+)yc
G=" 3

B-CAC DANG TOAN

im toa do clia mot di€ém va do dai dai sb ciia mot véc-to trén truc (O; €). Tim toa do clia cdc véc-to
- > > =
u+v,u—v,ku

Cin ci vao dinh nghia toa do ctia diém, do dai dai s6 clia véc-to va cic cong thifc toa do clia véc-to
- > > o
U+v,u—v,ku.
2 , A A 4y < . 2 A
® Diém M c6 toa do a < OM = a.€ véi O la di€ém goc.
—> 2 N —>
© Véc-to AB c6 do dai daisélam =AB < AB=me.
® Néu A va B c6 toa do lan luct 1a a va b thi AB=b —a.

@ Toa do trung diém / clia doan AB : x; = xA;xB.
® Néu w0 = (u1;u3), v = (v1;v2) thi U+V = (g +visu +w2);
(kuy;kup), k € R.

7—7: (ul—vl;uz—\/z);kﬁ)z

$> Vidu 1. Trén truc toa do (O; 2), cho ba di€m A, B, C véi: OA = 4,52, 0B=—7,22,0C = —3,6¢.

a. Xdc dinh toa do cac diém A, B, C.
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b. Tim toa dd cic trung diém M, N, P theo thi tu clia cac doan thfmg AB, BC, CA.

c. Tinh d6 dai cac doan thang AB, BC, CA.

® L3i gidi.

$> Vidu 2. Trén tryc toa do (0, €), cho ba diém A(1), B(—2), C(7). Tim toa d0 di€ém M sao cho
AM +3BM =2CM.

® Loi gidi.

> Vidu 3. Trén truc toa do (0O, €), cho céac diém A(2), B(—3), C(—6). Tim toa d cta D(x) sao cho
DA +4DB < 3DC.

® Loi gidi.

3 VI du 4. Trong mat phing Oxy, cho @ = (—4;2), b= (5;8). Tinh toa do cta céc véc-to d + b,
@—b,33,5d+20b, —(5a —2b)

@ Loi gidi.

—

$> Vidu 5 Trong mat phang Oxy, cho céc véc-t6 @ = (4;-2),b = (—1;—1),¢ = (2;5). Hay phan
tich véc-t6 b theo hai véc-to @ va <.

D LIi gidi. 3
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62/273 ’

= 2 — = 1 — . — T i
¢S Vidu 6. Trong mat phang Oxy, cho @ = (x;2), b = (—5;§) , ¢ =(x;7). Tim véc-td ¢ =4a—3b.

D Li gidi.

$> Vidu 7. Trong mit phang Oxy, cho @ (1;—2); 7;(—3;0); C (4;1). Tim toa do cia 7T=2d-3b+

BAI TAP TU LUYEN

<> Bai 1. Trong mit phing Oxy, cho @ = (2;1), b = (3;4), T = (7;2).
a. Tim toa do clia véc-to @ =27 — 35 + C.

>
C.

N
b. Tim toa dd clia véc-td ¥V saocho V+d = b —

c. Tim cic sb k,hdé @ =ka +hb.

$> BQi 2. Trong mit phang Oxy, cho @ = (—1;3), b= (0;5), @ = (5;—2). Tinh toa do cta cc véc-to
u, v dinh béi:
a) =23 +3b —4C.

—

b) 4d+2V =2b —-37C.

® Loi gidi.

y J/ J J

e
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$> Badi 3. Trong mit phiang Oxy, cho @ = (x;2), b= (—5;1),¢ = (x;7). Tim toa do clia véc-td ¢ =
2d+3b.

® Li gidi.

> Bai 5. Trong mit phing Oxy, cho @ = (=2:1), b = (3;4) va € = (0;8). Tim toa d6 ¥ théa ¥ + @ =
b-7C.

$>BAi 6. Cho @ = (0;1), b = (—1;2), @ = (—3;—2). Tim toa do ciia ¥ =37 +2b —47C.

® Loi gidi.

> Baii 7. Trong mit phéng Oxy, cho @ = (2:1), b = (3;4),C = (7;2). Timm van d&& @ =m@ +nb.

o Li gidi.

$> Badi 8. Trén tryc Ox cho cic diém A(2), B(—2). Tim diém M (x) thoa man diéu kién MA.MB < AB".

D Loi gidii, _
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$>Bai 9. Trén truc toa do (O; €), cho ba diém A(—4), B(9), C(-3).
a. Tim di€ém M (x) théa man diéu kién AB = 2CM.
b. Tim diém P(x) thda man diéu kién PA +2PB +3PC < 0.

c. Tim diém Q(x) théa man diéu kién QA.QB < @’2.

® Loi gidi.

> Bai 10. Trén truc toa dd x’Ox cho ba diém A, B, C c6 toa do lan ludt 12 9, —6, 2. Tim cac diém dbi
xting v6i di€ém A va B qua C.

& Dang 2. Xdc dinh toa dd cla mét véc-
to va mét diém trén mat phang toa doé Oxy

Trong mit phang Oxy, véi diém M tuy y, luén ton tai duy nhét ha1 s6 thuc x,y sao cl cho OM =x1 + y ]
B9 hai s0 thuc (x;y) dudc goi 1a toa dg clia véc-to OM, ky hiéu OM = (x;y) hay oM (x;).

A

@ Toa dé ciia véc-to don vi 7 la (1,0), tiic la = (1,0).
@ Toa dé ciia véc-to donvi j la (0;1), tiic la ] = (0;1).
@ Toa dé cia véc-to-khong la (0;0), tic la 0= (0;0).

A < A A 2 .« 3e R N - A 2 - T A P
Neu biet toa do cua hai di€ém A, B thi ta tinh toa dd cua véc-to AB theo cong thic

AB = (XB —XA;YB —YA)-

$> Vidu 8. Trong mit phang Oxy, cho hinh binh hanh ABCD ¢6 A(3;2),B(2;—1),C(—2;—2). Tim toa
d6 diém D.

® Loi gidi.
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$> Vidu 9. Trong mit phang Oxy, cho tam gidc ABC. Goi M(4;—1),N(3;0) va P(4;2) 1an lugt 1a trung
diém cac canh BC,CA va AB. Tim toa dd cac dinh cta tam gidc ABC.

¢ Vidu 10. Trong mat phang Oxy, cho hinh bmh hanh ABCD co AD = 3 va chiéu cao tng v6i canh

AD bing 2 goc BAD 30O Chon hé truc toa do (A; i , J ) sao cho 7 va AD cung hudéng. Tim toa do cia
cac véc-to AB BC CD va AC.

BAI TAP TU LUYEN
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$>Bai 11. Trong mit phiang Oxy, cho tam gidc ABC c6 A(—1;4), B(2;6), C(1;1). Tim toa do diém D
sao cho tu gidc ABCD la hinh binh hanh.

 Loi gidi.

$> Bai 12. Trong mit phiang Oxy, cho bén diém A(1; —1), B(2;2), C(1;—5), D(3;1). Ching minh ring
hai duong thang AB va CD song song véi nhau.

- -

<O Bai '|3 Cho tam giac deu ABC canh a. Chon hé truc toa d6 (0; i, j),trong d6 O la trung di€m cta
canh BC, T cung hudng voi OC ] cung hudng voi OA.

a) Tim toa do cac dinh cua tam giac ABC;

b) Tim toa do trung diém E cta canh AC;

¢) Tim toa do tam dudng tron ngoai tiép tam gidc ABC.
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& Dang 3. Tinh toa do trung diém - trong taGm

Phuong phap giai, kinh nghiém giai.

XA +XB
XM =
M 1a trung di€ém AB < 2
YA+YB
YmM = .
XA +xp+xc
=T
Glat tam t iac ABC <
a trong tdm tam giac _ S

3

$> Vidu 11. Trong mit phang Oxy, cho hai diém A(1;4), B(—2;6). Tim toa do trung diém ctia doan
thang AB.

$> Vidu 12. Trong mit phang Oxy, cho hai diém A(—1;2), B(1;4), C(—1;—2). Tim toa d¢ trong tim
cua tam giac ABC.

® Loi gidi.

$> Vidu 13. Trong mit phiang Oxy, cho ba diém A(3;1), B(2;2), G(2; —1). Tim toa d6 diém C biét G
la trong tdm tam giac ABC.

& Loi gidi.

$> Vidu 14. Trong mit phing Oxy, cho hai diém A(—2;0), B(0; —4). Goi M la trung diém ctia AB, tim
toa dO trong tam tam giac OBM.

D Loi gidi. 3
67/273" B Th.S Nguyén Hoang Viet — @ 0905.193.688 ﬂ



4. HETRUC TOA PO Két néi tri thire véi cude séng

y 4/ J J

$> Vidu 15. Trong mit phang Oxy, cho tam gidc ABC biét A(1;5), B(—4;—3), C(2;—1). Goi G la
trong tAm cla tam gidc ABC, tim toa do di€ém G’ 1a diém d6i xiing ctia G qua B.

BAI TAP TU LUYEN

$> Bai 14. Trong mit phang Oxy, cho hai diém A(0;2), B(—3; —2). Tim toa d¢ trung di€ém ctia AB.

® Loi gidi.

$> Bai 15. Trong mit phang Oxy, cho ba diém A(—1;2), B(5;—2), C(—2;1). Tim toa do trong tim clia
tam giac ABC.

® Loi gidi.
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- 2 e 5
¢S Bai 16. Trong mit phang Oxy, cho hai diém A(—1;1), D <—1; —) .

a) Tim toa do diém B biét D 1a trung diém doan AB.

b) Tim toa d diém M d6i xiing véi A qua B.

$> Bai 17. Trong mit phang Oxy, cho tam giac ABC biét A(—3;2), B(4;3) va di€ém C nam trén truc Ox.
Tim toa do trong tim G clia tam giac ABC va diém C, biét G nam trén truc Oy.

@ Loi gidi.

$> Bai 18. Trong mit phang Oxy, tim toa dd trong tim ctia tam giac ABC, biét trung diém clia cac canh

AB, BC, AC 1an lugt 1a M(2;1), N(2;4), P(—3;0).

® Li gidi.
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& Dang 4. Chitng minh ba diém thdng hang, diém thuéc dudng théng

St dung cic diéu kién can va di sau:
@ Hai véc-to @ va b # 0 ciing phuong khi va chi khi tdn tai s k sao cho @ = kb.
@ Ba diém phan biét A, B, C thing hang khi va chi khi hai véc-to AB va AC cling phuong.

@ DPiém M thudc dudng thang AB khi va chi khi ba diém M, A, B thang hang.

$> Vidu 16. Trong mit phing Oxy, cho ba diém A(—1;1), B(1;3), C(2;4).
a) Chiing minh ba diém A, B, C thang hang.

b) Pudng thiang AB cit truc Ox tai diém M. Tim toa do diém M.

® Loi gidi.

$> Vidu 17. Trong mit phing Oxy, cho ba véc-to @ = (1;2), b= (=3;1) va ¢ = (6;5). Tim m dé
véc-t6 ¥ = md + b cung phuong véi €.

® Loi gidi.
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$> Vidu 18. Trong mit phang Oxy, cho ba diém A(5;5), B(6; —2), C(—2;4).
a) Chiing minh ba diém A, B, C 1a ba dinh ctia mot tam gidc.

b) Tim toa do diém D sao cho ABCD l1a hinh binh hanh.

$> Vidu 19. Trong mit phang Oxy, cho hai di€ém A(—2;1) va B(—4;5).
a) Tim trén truc Ox di€m C sao cho ABCO 1a hinh thang c6 canh ddy 1a AO.

b) Tim toa do giao di€ém I cta hai dudng chéo ctia hinh thang ABCO.

® Loi gidi.
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BAI TAP TU LUYEN

$>Bai 19. Trong mit phang Oxy, cho hai dlem phan biét A(xA ya) va B(xg;yg). Ta néi di€m M chia
doan thang AB theo ti s6 k # 1 néu MA = kMB. Chiing minh rang:

XA — ka

$> Bai 20. Trong mit phing Oxy, cho tam gidc ABC vé6i A(0;2), B(1;1) va C(—1;—2). Cic di€ém A, B,
X 2 4 1
C’ 1an lugt chia cac doan thang BC, CA, AB theo cdc ti sO > -2, —1.

a) Tim toa do cac difm A’, B/, C'.

b) Chiing minh ba diém A’, B/, C’ thang hang.

® Loi gidi.
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$> Bai 21. Trong mit phang Oxy, cho hai diém A(5;0), B(3; —2). Pudng thang AB cit truc Oy tai diém
M. Trong ba diém A, B, M, diém nao nam giita hai diém con lai?

. 2 e 1
¢S Bai 22. Trong mat phang Oxy, cho ba diém A(6;4), B(3;-2),C (§;2>.

a) Tim trén truc hoanh diém M sao cho MA 4 MB dat gia tri nho nhét.

b) Tim trén truc hoanh diém N sao cho NA + NC dat gid tri nhd nhat.

® Loi gidi.
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$> Bai 23. Trong mit phiang Oxy, cho ba diém A(6;4), B(2;3), C(—2;1).
a) Tim trén truc tung diém M sao cho |MA — MB| dat gid tri 16n nhét.

b) Tim trén truc tung diém N sao cho [NA — NC| dat gid tri I6n nhAt.
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C -BAI TAP TONG HOP

<> Bai 24. _Trong mat phang Oxy, tim toa do clia cdc véc-to sau:
a)d a= —5 i;
b) b —7] ;
) C=-37+87;
dd=0,57-VilJ.

D Loi gidi.

<> Bai 25. Trong mit phang Oxy, cho ba di€ém A( 3;—1),B(1;1) vaC(7;4).

a) Tim toa do cua AB BC. Chlmg minh A, B, C thang hang.

b) Chiing minh A, B, O khong thing hang. Tim toa do trong tim G clia tam gidc ABO.
¢) Tim toa d6 diém D trén truc hoanh dé€ A, B, D thang hang.

® Loi gidi.
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$> BAi 26. Trong mit phang Oxy, cho ba diém A(—2;3), B(2;4) va C(1; -2).
a) Ching minh A, B, C la ba dinh cta tam gidc.

b) Tinh toa do véc-to AM véi M 1a trung diém cta BC.

¢) Tinh toa do trong tam G cua tam giac ABC.

$> Bai 27. Trong mit pheamg Oxy, cho tam giac ABC c6 A(—2;2), B(1;4), C(5;1).
a) Tim toa do trung diém /I ctia AC.
b) Tim toa do di€ém D sao cho tif gidc ABCD 1a hinh binh hanh.

® Loi gidi.

$o Bai 28. Trong mit phang Oxy, cho tam gidc ABC c6 A(2;—1), B(—3;5), C(4;—7).
a) Tim toa do trong tAm G cua tam giac ABC.
b) Tim toa do di€m D sao cho tic gidc BGCD la hinh binh hanh.

® Loi gidi.
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$> Bai 29. Trong mit phing Oxy, cho A(1;6),B(2;2) va C(—2;3).
a) Ching minh ba di€ém A, B, C tao thanh mot tam giéc.

b) Tim toa do diém D sao cho ABCD 13 mot hinh binh hanh.

¢) Tim toa do diém E (x; —2) sao cho A, B, E thang hang.

o Li gidi.
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$> Bai 30. Trong mit phang Oxy, cho hai diém B(—3;2) va C(6;5). Tim toa do diém A thudc truc tung
sao cho AB + AC bé nhit.

$> Bai 31. Trong mit phang Oxy, cho hai diém M(—3;—4) va N(3;—2). Tim toa do di€ém P thudc truc
Ox sao cho PM + PN bé nhét.

 Loi gidi.
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4> Bai 32. Trong mit phang Oxy, cho ba diém A(1;—2), B(0;4), C(3;2). Tim diém D sao cho D € Ox
va ABCD la hinh thang ddy l1a AB.

$> Bai 33. Trong mit phang Oxy, cho tam gidc ABC. Goi G, I, H lan ludt 12 trong tim, tam dudng tron
ngoai tiép, truc tim cdia tam gidc ABC. Tim toa do trong tam G biét 1(0;2), H(3;5).

$> Bai 34. Trong mit phiang Oxy, cho ba diém A(5;3), B(2;—3), C(—2;1).
a) Chiing minh ring A, B, C 1a ba dinh ctia mot tam giéc.

b) Tim trén truc hoanh diém M sao cho ’m +MB+MC ’ dat gid tri nhé nhét.

¢) Tim trén truc tung diém N sao cho ‘Iﬁ —4NB + OMC ‘ dat gid tri nho nhat.

D L oi gidi B
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$ Bai 35. Trong mit phang Oxy, cho hai diém A(—3;3), B(—1;4). Pudng thang di qua hai diém A va
B cit truc hoanh tai M va cat truc tung tai N. Tinh dién tich tam gidc OMN va do dai dudng cao ciia tam
giac OMN ké tu O.
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$> Bali 36. Cho bbn diém phan biét A, B, C, D. Goi I va J 1an ludt 1a trung diém ctia cac doan thang AB
va CD; P va Q lan ludt la trung diém ctia cic doan thang AC va BD; M va N lan lugt 12 trung diém ctia
cdc doan thang AD va BC. Chiing minh ring ba doan thang IJ, PQ va MN c6 cung trung diém.
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Bir5. DE KIEM TRA CHUONG I

$>Cau 1. (1 diém) Cho hinh binh hanh ABCD tam O. Goi M, N, P,Q 1an ludt 1a trung diém céc canh
AB,BC,CD, DA (hinh v&).

D P C

A M B

A, o 2 2. 2 s
a) Tu hinh v€, hay chi ra tat ca cac véc-td doi cua véc-td AB.

A 2 e e Y ~ -
b) Tu hinh vé, chi ra tat ca cac véc-td bang véc-td OA.

¢S Cau 2. (1 diém) Cho hinh chit nhat ABCD ¢6 AB = 8 cm, BC = 6 cm.
a) Ching minh rﬁng, v6i moi diém M, ta ludn c6 A_C) +§A7 — AM —i—B_C)' .

b) Tinh do dai véc-td @ = AC +AD — BC.

D Loi gidi.
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> Cdau 3. (2 diém) Cho tam giac ABC. Tim quy tich cdc diém M thda man diéu kién

3‘1\%":‘2@1’-%-1\7&.

9 CA@u 4. (2 diém) Cho tam gide ABC. Goi I va J lan lugt la cdc diém sao cho 1B +5IC = 0 va
JB —3JC = 0. Hay phan tich cac véc-to Al va AJ theo hai véc-to AB,AC.

 Loi gidi.

> Cau 5. (4 diém) Trong hé toa dd Oxy, cho diém M(—3;4), P(1;1) va diém N sao cho ON =27 — 7
a) Chiing minh rang M, N, P khong thang hang. Xac dinh diém Q sao cho MPNQ la hinh binh hanh.

b) Xac dinh diém I trén truc Oy sao cho IN +1P+4IM dat gid tri nhé nhat.

® Loi gidi.
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B-DE SO 1B

$>Cau 1. (1 diém) Cho hinh binh hanh ABCD tam O. Goi M, N, P,Q 1an ludt 1a trung diém céc canh
AB,BC,CD, DA (hinh v¢).

D P C

A M B

A 2z z Ro o z =
a) Tu hinh v€, hay chi ra tat ca cac véc-td doi cua véc-td BC.

A 2z z L P —
b) Tu hinh vé, chi ra tat ca cac véc-to bang véc-td OB.

® Loi gidi.

$>Cau 2. (1 diém) Cho hinh thoi ABCD ¢6 AB = 6 cm, BAD = 60°.
a) Chiing minh ring, v6i moi di€ém M, ta ludn c6 AC +BM =AM + BC.

b) Tinh do dai véc-to @ = AC +AD — BC.

 Loi gidi.
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Két néi tri thirc vai cude séng

y 4/ J J

> Cdu 3. (2 diém) Cho tam gidc ABC. Tim quy tich cdc diém M théa man diéu kién

18] [ + 375 - 2t

> CAu 4. (2 diém) Cho tam gidc ABC. Goi K va H lin lugt la cic diém sao cho KB+ 5KC = 0 va
HB —3HC = 0. Hay phan tich cac véc-td AK va AH theo hai véc-tc AB,AC.

® Loi gidi.

—37 +47.

$>CAau 5. (4 diem) Trong h¢ toa do Oxy, cho hai di€m N(2;—1),P(1;1) va diém M sao cho OM =

a) Chitng minh rang M, N, P khong thang hang. Xac dinh diém Q sao cho MNQP 1 hinh binh hanh.

b) Xdc dinh diém I trén truc Ox sao cho IN + 1P +4IM dat gid tri nhd nhat.

o Loi gidi.
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5. DE KIEM TRA CHUONG | Két néi tri thirc véi cude séng

y 4/ J J
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Chuong 1. VECTO

C-DE sO 2A

$>Cau 1. (2 diém) Cho hinh binh hanh MNPQ ¢6 I 1a giao diém cta hai dudng chéo. Xét cac véc-ta
6 diém dau, diém cudi 12 mot trong cac diém M, N, P, Q, I.

Két ndi tri thire véi cude séng

y J/ J J

- M -
a) Tim véc-td bang M1.

A . z I~
b) Tim tat cac cac véc-to doi cua QI.

¢) Chiing minh: W+ﬁi+ﬁ+é7= 0.

trong tdm cua tam giac ABC.
a) Timx,ybiétm = xBC va AG zyﬁ.

b) Phan tich AG theo AB vi AC.

$> Cau 2. (2 diém) Cho tam gidc ABC c¢6 M, N, P lan lugt 1a trung diém ctia AB, AC va BC. Goi G la

® Loi gidi.

4> Cau 3. (2 diém) Trong mit phang Oxy, cho 3 diém A(1;2), B(5;2) C(2;3).

a) Ching minh 3 diém A, B, C tao thanh 3 dinh clia mot tam gidc.
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5. DE KIEM TRA CHUONG |

Két néi tri thirc véi cude séng

b) Tim di€m D sao cho ti gidc ABDC 1a hinh binh hanh.

y 4/ J J

® Loi gidi.

‘m‘ 1L ‘Ms" nhd nhét.

$> Cau 5. (2 diém) Trong mit phang Oxy, cho 2 diém A(1;2) va B(3;1). Tim diém M thudc Ox sao cho
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Chuong 1. VECTO

D-DE sO 2B

$>Cau 1. (2 diém) Cho hinh binh hanh ABCD c6 O la giao diém cta hai dudng chéo. Xét cac véc-to
¢6 diém dau, diém cudi 12 mot trong cic diém A, B, C, D, O.

Két ndi tri thire véi cude séng

y J/ J J

~ v
a) Tim véc-td bang CO.

A 3 - , Ao ” -
b) Tim tat cac cac véc-tc doi cua OA.

¢) Chiing minh: AB + 2AC +AD = 3AC.

® Loi gidi.

trong tdm cua tam giac ABC.
a) Timx,y biét AC = xPM va CG zyl\TG).

b) Phan tich BG theo AB va BC.

$> Cau 2. (2 diém) Cho tam gidc ABC c¢6 M, N, P lan lugt 1a trung diém ctia AB, AC va BC. Goi G la

® Loi gidi.

$> Cau 3. (2 diém) Trong mit phang Oxy, cho 3 diém A(1;3), B(3;4) C(0;3).

a) Ching minh 3 diém A, B, C tao thanh 3 dinh clia mot tam gidc.
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5. DE KIEM TRA CHUONG |

Két néi tri thirc véi cude séng

b) Tim di€m D sao cho ti gidc ABCD 1a hinh binh hanh.

y 4/ J J

® Loi gidi.

‘m‘ 1L ‘Ms" nhd nhét.

$> Cdu 5. (2 diém) Trong mit phang Oxy, cho 2 diém A(1;2) va B(3;1). Tim di€ém M thudc Oy sao cho
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Chuong 1. VECTO

Két néi tri thirc vai cude séng

E-DE SO 3A

y 4/ J J

cua hinh binh hanh ABCD.

b) Chiing minh ring AD + BC = AC + BD.

$>Cau 1. (2 diém) Cho hinh binh hanh ABCD. Chi xét cac véc-to c6 diém dau va diém cudi la cac dinh

—>
a) Hay chi ra cac véc-td cung phuong véi véc-td AB.

$SCau 2. (1 dlem) Cho tam giac ABC.Goi M, N 1 céc diém thoa min MA + MB = O NC+3NB=0.

Phan tich véc-to MN theo hai véc-ta AB AC

® Li gidi.

= (
a) Tim toa do véc-to ¥ =27 —3b +27.

T——

—

o
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5. DE KIEM TRA CHUONG | K&t néi i thae véi cude séng

y 4/ J J

R
b) Phan tich véc-to @ theo hai véc-to b va C.

> Cau 4. (3 diém) Trong hé truc toa dd Oxy, cho ba di€ém A(1;3), B(2;—3), C(—2;1).
a) Ching minh ba di€ém A, B, C tao thanh ba dinh ctia mot tam giéc.
b) Tim tao do diém D sao cho C la trong tAm ctia tam gidc ABD

¢) Tim toa do diém [ trén truc Ox sao cho ba diém A, I, B thang hang.
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Chuong 1. VECTO Két néi tri thirc vai cude séng

y 4/ J J

$>Cau 5. (2 diém) Cho td gidc ABCD.
a) Xac dinh diém 7 théa man diéu kién JA+IB+3IC = 0;
b) Tim tap hop di€ém M sao cho m+m+3ﬂ7€‘ =5 ‘]\Tﬁ‘
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5. DE KIEM TRA CHUONG |

Két néi tri thirc véi cude séng

F-DE sO 3B

y 4/ J J

cua hinh binh hanh ABCD.

b) Ching minh ring AB + DC = AC +DB.

&© Cau 1. (2 diém) Cho hinh binh hanh ABCD.Chi xét cic véc-to c6 diém dau va diém cubi 1a cac dinh

—>
a) Hay chi ra cac véc-td cung phuong véi véc-td AD.

® Loi gidi.

> Cau 2. (1 diém) Cho tam gide ABC. Goi P, Q la cdc diém thod man OC —3QA = 0, PC+3PB = 0.

Phan tich véc-to PQ theo hai véc-td AB, AC.

® Loi gidi.
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Chuong 1. VECTO Két néi tri thirc vai cude séng

y 4/ J J

> Cau 3. (2 diém) Cho ba véc-to @ = (—152), b = (3;-3), T = (5;-2).
a) Tim toa do véc-to ¥ =24d + 3p -2¢

—> a . 7 >
b) Phan tich véc-t6 a theo hai véc-td b va c.

¢ Cdau 4. (3 di€ém) Trong hé truc toa dd Oxy, cho ba di€ém A(—1;3), B(—2;—3), C(2;1).
a) Chiing minh ba diém A, B, C tao thanh ba dinh ctia mot tam giéc.
b) Tim tao do diém D sao cho C 1a trong tAm clia tam gidc ABD

¢) Tim toa d6 diém [ trén truc Ox sao cho ba diém A, I, B thang hang.

® Li gidi.

97/273’ B Th.S Nguyén Hoang Viet — @ 0905.193.688 ﬂ




5. DE KIEM TRA CHUONG | K&t néi i thae véi cude séng

y 4/ J J

$>Cau 5. (2 diém) Cho ti gidc ABCD.
a) Xac dinh diém 7 théa mén diéu kién JA +IB+2IC = 0;
b) Tim tap hop di€ém M sao cho anm—l—Z]\TC) = ‘m’
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2/ 1ICH VO HUONG CUA HAI VECTO

Bir 1. GIA TRI LUGNG GIAC CUA MOT GOC BAT KY TU
0° PEN 180°

A-TOM TAT Li THUYET

I Gia tiluong gide clia mét géc bét ky tir 0° dén 180°

<% Dinh nghia 1.1.
V6i mdi goc o (0° < - QL < 180°), ta x4c dinh mot di€m M trén nita dudng y
tron don vi sao cho xOM = « va gia st di€m M c6 toa dd M (xo;yo). Khi
dé ta dinh nghia:

@ sin cua goc o 1a yg, ky hiéu sina = yo;

@ c6-sin ciia goc a 12 xg, ky hiéu cos a = xo; ! o

—1 Xo (0] 1 x
® tang cla goc o la 0 (xo # 0), ky hiéu tanox = }Q;
X0 X0

a 2 2 X PSR X
© co-tang clia goc a la -0 (yo # 0), ky hiéu cota = 20
. Yo Yo
Céc s0 sin @, cos o, tan o, cot o dudc goi la cac gid tri luong gidc cua goc «.

A Chii y.Néu a la goc ti thi cos o < 0, tana < 0, cota < 0. tan & chi xdc dinh khi o0 # 90°. cot o
chi xdc dinh khi o # 0° va a # 180°.

@ <O Tinh chat 1.1. Vé diu cia cdc gid tri Iuong gidc.
@ sina >0 vdi 0° < o0 < 180°.
@ cosa >0 vai 0° < o < 90° vacosor < 0 voi 90° < o < 180°.
@ tana >0 vai 0° < o0 < 90° vatano < 0 vdi 90° < o < 180°.
@ cota >0 vdi0° < o < 90° vacotor < 0 vdi 90° < a < 180°.

Nhur vy, cos o, tan o, cot & Juén cung diu voi 0° < o0 < 90° va90° < o < 180°.
& Tinh chat 1.2. Mbi quan hé gitia hai goc bu nhau.

® sina =sin(180° — ).
® cosa = —cos(180° — ).
@ tana = —tan(180° — o) vdi o # 90°.
® cota = —cot(180° — o) vdi o # 0°,180°.
> Tinh chat 1.3. Méi quan hé gitia hai goc phu nhau (voi 0° < o0 < 90°).
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1. GIA TRI LUONG GIAC CUA MOT GOC BAT KY TU 0° DEN 180°

Két ndi tri thirc véi cude séng

@ sin(90° — @) = cos .

® cos(90° — a) =sina.

® tan(90° — &) = cota vdi o # 0°.
® cot(90° — a) = tan ot vdi @ # 90°.

$& Tinh chat 1.4. Cac cong thiic co ban.

y J/ J J

sin & cos o
etano — . o Cotol = — . etanc.cota = 1.
cosQ sin &
esina +cosla=1. el +tanfo = 57— ol +cot?a=
CoS* O

BE®) coc gira hai vec-to

¢ Pinh ngh'ia 1.2.
Cho hai vec- ‘6 d Va b déu khac vec-to 0. Tit mot diém O batky, ta vé OA = d

va OB — b. Géc AOB véi sb do tit 0° dén 180° dugc goi la goc giiia hai vec-to
@ va b. Taky hidu goc gitta hai vec-td Zvab la (a, b) Neu (a b) =90°

thi ta néi rang @ va b vudng géc v6i nhau, ky hiéu la @ L b hodc b13a.

—

A T dinh nghia ta c6 (d,b) = (3, a).
$> Tinh chat 1.5. Néu @ va b cang hudng thi (@,b) =0°.

[e]

> Tinh chat 1.6. Néu @ va b ngugc hudng thi (@, b ) = 180°.

B-CAC DANG TOAN

sin? o

‘{/
S il A
B-b £

@)

& Dang 1. Tinh cac gid tri lwong gidc

St dung cic cong thifc co ban & phan ly thuyét d€ tinh ra céc gia tri luong gidc.
A Cdn chi ¥ ddu cia cdc gid tri luong gidc khi tinh.

’ g 1 , « A
$> Vidu 1. Chosina = e Tinh cos ¢, tan ¢, cot o biet 0° < o < 90°.

® Loi gidi.

p 1 . ) S
<> Vidu 2. Chocosa = ~3 Tinh céc gia tri lugng giac con lai cia goc a.

® Loi gidi.

e
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

¢ Vidu 4. Cho cotx = —3. Tinh céc gid tri ludng gidc con lai cia géc x.

® Loi gidi.

BAI TAP TU LUYEN

. 2 o e
<O Bai 1. Chocosa = —3 Tinh céc gia tri lugng giac con lai cia goc a.

® Loi gidi.

$> Bai 3. Cho tan o = /2. Tinh cdc gi tri lugng gidc con lai ctia géc a.

® Loi gidi. B
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1. GIA TRI LUONG GIAC CUA MOT GOC BAT KY TU 0° DEN 180° K&t néi i thirc véi cude séng

y J/ J J

o 3 o e
$>Bai 4. Chocotfp = —%. Tinh cac gia tri lugng giac con lai cia goc .

D Ldi gidi.

- 1
$>Bai 5. Cho tan(180° —a) = —5 Tinh céc gia tri lugng gidc cua goc a.

® Loi gidi.

. 5 o
$>Bai 6. Cho cos(180° — o) = \/T_ Tinh céc gi4 tri con lai ctia goc a.

 Loi gidi.

$>Bai 7. Cho sin(180° — ) = 5 Voi 0° < o0 < 90°. Tinh céc gia tri lugng gidc cta goc o.

 Loi gidi.

& Dang 2. Tinh gid tri céc biéu thirc luvong gidc.

Tur gia thiét dé cho (thudng 12 gi4 tri cia géc hay mot gid tri lugng giac) dinh huéng bién ddi biéu thic vé
dang chi xuét hién gid tri da cho cta gi thiét d€ tinh.

A Cdn chii y diéu kién dp dung (néu co).

$> Vidu 5. Tinh A = acos60° + 2atan45° — 3asin30°.

® Loi gidi.

$> Vidu 6. Cho x =30°. Tinh A = sin2x — 3cosx.

 Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO

Két néi tri thirc vai cude séng

y 4/ J J

$> Vidu 8. Chotanx =2. Tinh A =

3sinx+ cosx
sinx —Ccosx

® Loi gidi.

¢ Vidu 9. Cho sinx = % Tinh B =

cotx —tanx
cotx -+ tanx’

® Loi gidi.

BAI TAP TU LUYEN

> Bai 8. Tinh
a. A =25—cos20°+2sin?30° — 3tan? 45°.

b. B =2cos2x+ 3sin3x vii x = 45°.

$>Bai 9. Tinh

a. A=tan10°.tan20°...tan 80°.

b. B = cot20° +cot40° 4+ - - -+ cot 140° + cot 160°.

@ Li gidi.

sina —2cosa

<> Badi 10. Cho cota = —3. Tinh A =

3cosa+2sina’
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1. GIA TRI LUONG GIAC CUA MOT GOC BAT KY TU 0° DEN 180°

Két néi tri thirc véi cude séng

y J/ J J

sin®a+2cos?a.sina

¢ Bai 11. Biéttana = 2. Tinh B = >

cota. sin

a—2cosa

® Loi gidi.

2tan ¢ + cot o

$>Badi 12. Chocosa = Z Tinh C =

4tan — 3cota’

® Loi gidi.

1

$> Bai 13. Biét sinx+ cosx =

. Tinh D = sinx. cosx.

® Loi gidi.

& Dang 3. Chitng minh déng thirc lvong gidc

nhd dé€ rit gon va chiing minh.

St dung linh hoat céc cong thic ¢& ban, cac phép bién ddi dai s6 va sit dung cic hiang dang thiic ding

a = sinx
¢ Vidu 10. Cho

€ = COSXCOSY

b = cosxsinx . Ching minh ring a> 4+ b*> + ¢ = 1

o Loi

gidi.

> Vidu 11. Chiing minh cic dang thic sau:

2

a) sin* x+ cos*x = 1 — 2sin® xcos? x.

4 2

b) cos*x—sin*x = cos?

X —sin

2

2 X.

X = tan? xsin

1 —_—
1 +cotx

¢) tan?x — sin

1
_|_
1 +tanx

d)

x=1-—2sin’x=2cos?x—1.
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Chuong 2. TICH VO HUONG CUA HAI VECTO

Két néi tri thirc vai cude séng

y 4/ J J

$> Vidu 12. Cho A, B, C la cic géc ciia tam gidc. Chiing minh cac dang thiic sau:

a) sin(A+B) =sinC.
b) cos(A+B)+cosC=0.

A+B C
= cos .

d) tan(A—B+C) = —tan2B.

¢) sin

o Li gidi.

$> Vidu 13. Chiing minh ring cic biéu thiic sau c6 gid tri khong phu thudc vao x.

6 4 2

a) A= sin® x + sin® xcos? x + sin* xcos x + sin

6

1 —sin®x 3tan’x

b) B=

cos®x cosZx

2

xcosZx +cos“x

® Li gidi.

o
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1. GIA TRI LUONG GIAC CUA MOT GOC BAT KY TU 0° DEN 180°

Két néi tri thirc véi cude séng

y 4/ J J

Vao x.

$> Vidu 14. Tim m d€ biéu thic P = sin®x + cos®x — m (sin*x+ cos*x) ¢6 gid tri khong phu thue

 Loi gidi.

cos2012 _ 1
+ ploos (a+b)1008'

sin2018
1008

$> Vidu 15. Cho a,b 1a cic s6 duong va thda man hé thic

sin*x  cos*x 1

a+ b a+b

. Ching minh ring

® Loi gidi.

e

106/273 '

B Th.S Nguyén Hoang Viet — 80905.193.688 ﬂ



Chuong 2. TICH VO HUONG CUA HAI VECTO

Két néi tri thirc vai cude séng

y 4/ J J

BAI TAP TU LUYEN

$>Bdi 14. Cho A = sina, B = cos asin 8,C = cos a.cos B siny, D = cos & cos 3 cos y. Chiing minh ring

A2+ B+ C*+D*=1.

$> Bai 15. Chiing minh dang thiic lugng gidc sau:

1 + sin®
a) +S—%nzx:1—|—2tan2x.
1 —sin“x

COSX

b) .

1
+tanx = ——.
1 +sinx

COSXx

¢) tan®x— sin®x = tan® xsin’x.

¢ Bai 16. Chiing minh céc biéu thiic sau khong phu thudc vao x

a) A = sin*x(3 —sin’x) + cos*x(3 —2cos’x).

b) B=3 (singx —cos®x) +4 (cos6x = sin6x) +6sin’* x.

¢) C = sin®x+ cos® x+ 6sin* xcos* x + 4 sin® xcos? x (sin4x +cos*x).

4> Bai 17. Tim m dén biéu thic P = sin®x+ cos® x+m (sin6x + cos® x) + 2sin? 2x khong phu thudc vao

X

® Li gidi.

o
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1. GIA TRI LUONG GIAC CUA MOT GOC BAT KY TU 0° DEN 180° K&t néi i thirc véi cude séng

y 4/ J J

$>Bai 18. Cho f(x) = sin6x—|—§sin22x—|—cos6x. Tinh f (%)

 Loi gidi.

BAI TAP TONG HOP

$>Bai 19. Cho cosa+2sina = 0. Tinh céc gid tri lugng giac cua goc a.

® Loi gidi.

> Bai 21. Tinh C = sin® 10° + sin%20° + - - - + sin® 170° + sin2 180°.

® Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO

Két néi tri thirc vai cude séng

y 4/ J J

. ) 7 .
> B 23. Cho sin*x+3costx = 1 Tinh cos* x + 3 sin® x.

® Loi gidi.

> Bai 24. Cho 2sinxsiny — 3cosxcosy = 0. Ching minh ring:

1

1 5

+
2sin%x+3cosx

2sin’y+3cos?y

¢S Bai 25. Cho 6¢cos?a +cosa—2 = 0. Biét A =

gid tri cta biu thic a + b.

2sin o cos o — sin ¢

P v— =a-+btana v6i a,b € Q. Tinh

=
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2. TICH VO HUONG CUA HAI VECTO

Két ndi tri thirc véi cude séng

y J/ J J

Bir2. TICH VO HUONG CUA HAI VECTO

Biar3. TICH VO HUOGNG CUA HAI VEC-TO

A-TOM TAT LY THUYET
D Binh nghia

> Dinh nghia 3.1. Cho hai véc-t6 @ va b déu khac 0. Tich vo huéng céia @ va b 1a mot sb, ki hiéu Ia

—> i , . P, A 2,
a.b, dugc xac dinh bdi cong thic sau:

@b =1|3.|b|.cos(7,b.)

£ .y IR . = P -
Trudng hdp it nhat mot trong hai véc-t6 @ va b bang véc-to 0 ta quy uéc @.b = 0.

A

— — —
a) Véi d va b khdcvéc-todtacéd.b =0& d_Lb.

b) Khi @ = b tichvé hudng @.@ duoc ki hiéu la @2 va sé nay dugc goi la binh phuong vé hudng ciia

véc-t0 d.
Ta cé: @* = |d|.|@|.cos0° = | @ |%

B} cCac tinh chét cia tich vé huéng

- < . % .
& Tinh chat 3.1. Vdi ba véc-to @, b, € bat ki va moi sé k ta co:

© @.b = b.@ (tinh chat giao hodn);

@ 7.(b+7)=3.b+@.C (tinh chat phin phoi);

@ (@+b).(@—b)=a*-b.

E®) Biéu thic toa d6 clia fich vé hudng

>
L,

Trong mit phang toa do (O;

— —
véc-to a va b la:|d.b = arby +axby |.
Nhdn xét:

- X =g . . N P .
Hai véc-t6 @ = (aj;az), b = (b1;by) déu khéc véc-td 0 vudng géc v6i nhau khi va chi khi ayby + azby = 0.

j ), cho hai véc-t6 @ = (ay;az), b= (by;b7). Khi d6 tich vo hudng cta hai

e
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Chuong 2. TICH VO HUGNG CUA HAI VECTO

Két ndi tri thire véi cude séng

3 Ungdung

a) Do dai véc-to:

Do dai cta véc-t6 @ = (ay;ap) duge xéac dinh béi cong thic:

y J/ J J

_ S22
|d| =/at+a5|.

arby +axby

Lo @b
b) Goc gitta hai véc-to: |cos(a, b ) = a —

.

1D - \/a%-l-a%.\/b%-l-b%

¢) Khodng céch gitta hai diém:

Khoéng céch gitia hai diém A(xa;y4) va B(xp;yg) dugc tinh theo cong thuc:

AB = \/(XB —xp)? + (B —ya)*.

B-CAC DANG TOAN

& Dang 1. CAc badi todn tinh tich vé hudng clia hai véc-to

© Haivecto 7L b < 7.6 =0.

@ Ap dung cong thic clia dinh nghia: @.b = |2 |.| Z){ .COS (5’, Z) .

$> Vidu 1. Cho hinh vuéng ABCD canh bing 2a+/2. Tinh tich v6 huéng AB.AC.

a) Phan tich BK ,A_C" theo AB va AD.

b) Tinh tich vd hudng BK.AC.

$> Vidu 2. Cho hinh chit nhat ABCD ¢6 AB = a\/2,AD = 2a. Goi K 1a trung diém ctia canh AD.
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3. Tich v6 hudng cuia hai véc-to K&t ndi tri thire véi cude séng

y J/ J J

¢> Vidu 3. Cho hai vec-td @ va b ¢6 |a| =5, ‘3‘ =12va|d+ 7;‘ = 13. Tinh cosin cta gic gitta hai
vectd @va @+ b.

$> Vidu 4. Cho hinh vuéng ABCD c6 M la trung diém ctia doan thang AB va N la diém thudc doan AC
sao cho AN = 3NC.

a) Phan tich DN ,W theo 2 vec-to AB va AD.

b) Ching minh ring DN 1 MN.

> Vidu 5. Cho tam giac ABC déu canh 3a. Ly M, N, P 1an lugt nim trén ba canh BC,CA,AB sao cho
BM = a,CN = 2a,AP = x(x > 0).

a) Phan tich AM ,]Wﬁ theo 2 vec-to AB va AC.

b) Tim x d€ AM vudng gbc véi NP.

D | 5i gidi _
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Chuong 2. TICH VO HUONG CUA HAI VECTO

Két néi tri thirc vai cude séng

BAI TAP TU LUYEN

y 4/ J J

$>Bai 1. Cho tam gidc ABC vudng tai A ¢6 B = 60°,AB = a. Tinh tich vd hudng AC.CB.

$>Bdi 2. Cho hinh vudng ABCD canh 2a. Tinh tich vo huéng AB.AC.

® Loi gidi.

> Bai 3. Cho hinh chit nhat ABCD c6 AB = 3,AD = 4. Goi M 1a diém thda min didu kién AM = kAB.

Tim k d€ AC vudng goc véi DM.

® Ldi gidi.

o

113/273"
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3. Tich vd hudng clia hai véc-to Két néi tri thirc véi cude séng

y 4/ J J

$® Bai 5. Cho hinh vudng ABCD tam O. Tim tap hgp céc diém M thda man

MA? + MB?* + MC? = 3MD?.

$>Badi 6. Cho tam gidc ABC ndi tiép dudng tron (C) tam O. Tim vi tri diém M thudc dudng tron (C) dé
P = MA% + MB? —2MC? dat GTLN, GTNN.
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Chuong 2. TICH VO HUGNG CUA HAI VECTO Két ni tri thire véi cude séng

y J/ J J

& Dang 2. Tinh géc gitra hai véc-to -géc
gilra hai dudng thang-diéu kién vuéng géc

Dé tinh gdc gitta hai vecto, ta st dung dinh nghia tich vd huéng két hop cac ki thuit tinh tich vo hudng.
Dé tinh géc gitta hai dudng thang, ta tinh géc giita hai véc-to c¢6 gia 1a hai dudng thang da cho rdi suy ra
g6c gilta hai dudng thang.

Dé ching minh hai dutng thang vudng goc, ta chiing minh goc giita hai dudng thang bang 90°.

> Vidu 6. Chocicvéc-t0 @ =—1 + J, b=1+3].Tim gdc gilra hai véc-to @ va b

¢ Vidu 7. Cho tam gidc ABC c6 AB = 2,BC = 4,CA = 3. Tinh AB.AC va cosA.

® Ldi gidi.

$> Vidu 8. Trong mit phang véi hé toa dd Oxy, cho diém A(1;3) va B(3;—1). Tinh géc giita dudng
thang OA va AB.

® Loi gidi.

> Vidu 9. Cho hai véc-to @ va b vudng goc véi nhau, | @| = 1,| 5| = v/2. Chiing minh riing hai véc-to
2d — b va d + b vudng goc v6i nhau.

® L3i gidi.
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3. Tich vé huéng clia hai véc-to Két néi tri thirc véi cude séng

y 4/ J J

¢ Vidu 10. Cho hinh vuéng ABCD c6 M 1a trung diém ctia AB va N 1a trung di€ém cta BC. Chiing
minh ring DM 1 AN.

® Loi gidi.

BAI TAP TU LUYEN

<> Bai 7. Cho hai véc-to @, b thda man |a| 5] =1 va vécto ¥ = @ +2b vudng goc véi véc-to
¥y =5d — 4D Tinh gbc gilta hai véc-to @ va b

 Loi gidi.

]l
>
S~—
N
S
[e)
=
S
=3
g
o)
(@)
)
P
=
o
&
(@]
—+
a
8

S = , . i 9 = — = <
¢S Bai 8. Cho céac véc-td @ va b thdbaman |a|=2,|b| =1 va (
— - 7
vavéc-to ¢ =a — b.

® Loi gidi.

$>Bai 9. Cho tif gidc ABCD c¢6 AB> + CD?* = BC? +AD?. Tinh géc giita hai dudng thang AC va BD.

® Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

¢ Bai 10. Cho tam gidc ABC vuodng tai A ¢c6 AB = a;AC = 2a. Goi M 1a trung diém cta BC va diém D
bat ki thudc canh AC. Tinh AD theo a &€ BD 1| AM.

® Li gidi.

$>Bai 11. Cho tam gidc ABC can tai A, H 1a trung diém BC, K 1a hinh chiéu cta H trén AC va M 1a
trung diém ctia HK. Ching minh ring AM 1| BK.

® Li gidi.
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3. Tich v6 hudng cuia hai véc-to K&t ndi tri thire véi cude séng

& Dang 3. Chitng minh déng thirc vé tich vé huéng hodic vé dé daii.

Lién quan dén dang thic vé tich vo huéng hodc do dai ta c6 hai bai toan tiéu biéu:

@ Bai toan 1: Chiing minh dang thifc vé tich vo huéng hodc do dai. D6i véi dang nay ta thudng st
dung céc tinh chét ctia tich vo hudng, cac tinh chét ctia véc to dé bién ddi tuong duong dang thiic
can chitng minh vé mot dang thitc ludn diing hoic bién ddi vé nay thanh vé kia hoic bién ddi ca 2
vé cling bang mot biéu thic trung gian.

® Bai toan 2: Tim diém hoic tap hop diém M thda man mot dang thiic véc to hodc do dai. Thong
thudng ta bién ddi déng thic ban dau vé dang IM = R trong d6 I cb dinh, R khong ddi hoic
IM. % = 0 trong d6 I ¢b dinh va % 1a mot véc to xic dinh.

$> Vidu 11. Cho bbn diém A, B,C, D bét ki. Chiing minh ring:

DA.BC+DB.CA+DC.AB = 0.

D Li gidi.

118/273 ’

$> Vidu 12. Cho tam gidc ABC c6 dién tich bang S. Chiing minh ring:

S = % AB2.AC? — (fﬁé.A_c')2

y J/ J J

$> Vidu 13. Cho tam gidc ABC c6 truc tim H va trung diém canh BC 1a M. Chiing minh ring
— —> 1
MH.MA = ZBC2.

 Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

$> Vidu 14. Cho tam gidc déu ABC canh bing a. Tim tap hop tit ca cic diém M sao cho

a?

MA.MB+MB.MC +MC.MA = =

® Loi gidi.

$> Vidu 15. Cho tam giac ABC. Tim tap hop nhiing diém M théa man MA% — MB? + CA% — CB? = 0.

® Loi gidi.
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3. Tich vd hudng clia hai véc-to Két néi tri thirc véi cude séng

y 4/ J J

BAI TAP TU LUYEN

$>Bdi 12. Cho hai di¢m A, B va O la trung diém clia AB. Goi M la mt diém tuy y Ching minh ring
MA.MB = OM? — OA.

® Loi gidi.

$> Bai 13. Cho tit gidc ABCD. Chitng minh ring AC | BD < AB? + CD?* = BC* + AD?.

® Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

MA? + MB? = k.

MB? + MC?.
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3. Tich v6 hudng cuia hai véc-to K&t ndi tri thire véi cude séng

$>Bai 18. Cho tam gidc ABC c6 trong tam la G. Ching minh rang v6i moi diém M ta c6 MA% + MB? +
MC? = 3MG? + GA? + GB? + GC?. Tit d6 tim vi tri ctia M dé tong T = MA? + MB? + MC? c6 gia tri nhd
nhét.

® Ldi gidi.

$> Bai 19 (Pinh i Stewart). Cho tam giac ABC ¢6 BC = a,CA = b,AB = c. Trén canh AB liy diém
M. Ching minh ring ¢2.CM? = a> AM? + b>.BM? + (a® +b*> — ¢>)AM .BM. Tut d6 tinh d6 dai dudng phan
giac goc C theo do dai ba canh cua tam giac ABC.

& Dang 4. ('ng dung ctia biéu thirc toa dé tich vé
huéng vao tim diém thod mén diéu kién cho truéc

Phuong phdp giai, kinh nghiém: Phuong phép chung ctia dang bai nay 1a toa do hoa céc di€ém va thay vao
cic diéu kién d€ tim diém. Pa s6 cac bai chi can thay toa do va 4p dung cic cong thiic 1a tinh dudc, tuy
nhién mot sb bai c¢6 céc tinh chét dic biét ma nhd né, ta sé giam dang ké luong cong viéc.

D Loi gidi.
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¢ Vidu 16. Cho ba diém A(2;3),B(1;4),C(5;2). Ching minh ba di€m trén tao thanh mot tam gidc.

y J/ J J

e
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

¢ Vidu 17. Cho A(3;1),B(7;2), tim C(x;y) thudc truc Ox sao cho C thudc dudng tron dudng kinh AB.

® Loi gidi.

> Vidu 18. Cho di€m A(0,2) va diém B(x;y) € (d) : y =2x—2 c¢6 hoanh do x = 1. Tim trén (d) diém
C sao cho AABC can tai A.

o Li gidi.

BAI TAP TU LUYEN

$>Bai 20. Cho ba diém A(6;3),B(4;1);C(9;0). Ching minh ba diém trén khong thang hang. Tinh dién
tich tam giac ABC.

® Loi gidi.

$> Bai 22. Cho A(3,4), Tim hai diém B, C trén truc Ox sao cho tam gidc ABC déu.

o Li gidi.
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3. Tich vé huéng clia hai véc-to

Két néi tri thirc véi cude séng

y 4/ J J

¢ Bai 24. Cho ba di€ém A(3;4),B(1,2),C(—1,5).

a/ Chiing minh ba diém trén tao thinh mot tam giac.
b/ Tim toa do truc tdm va chan duong cao ha tur cac dinh.
¢/ Tim toa do chan duong phén giac trong ha tr A .

d/ Tim toa do6 clia tAm dudng tron ngoai tiép tam giac.

® Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

$> Bai 25. Cho A(—2;0),B(4;0),C(3;5). Goi D, E, F 1an lugt 1a chan dudng cao ha tit cac dinh A, B, C.
Tim toa do cta D, E, F va tim dudng tron ndi tiép tam giac DEF.

o Li gidi.
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3. Tich v6 hudng cuia hai véc-to K&t ndi tri thire véi cude séng

y J/ J J

Bai tdp tong hop

.. e 1 - :
$S Bai 26. Cho ba diém A(—2; 3),B(Z;O),C(2;O). Tim toa do tdm dudng tron ndi ti€p tam giac ABC.

® Loi gidi.

& Dang 5. Tim toa do cdc diém ddc biét trong tam gidc - tim
toa dd hinh chiéu vuéng géc clia mét diém lén dudng thdng

@ Truc tim tam gidc
®@ Tam dudng tron ngoai tiép tam gidc

®@ Tim dudng tron ndi tiép tam gidc

® Hinh chiéu vuong géc ctia mot diém 1én dudng thang

PHUONG PHAP GIAI

Trong mit phang Oxy cho tam gidc ABC v6i A(xa,v4); B(xp,ys) va C(xc,yc)

a) Tim toa do truc tdim H cua tam giac ABC.
Goi toa d6 H (x,y). Khi d6
AH BC =0
BH.AC =0
Ta thu dudc hé 2 phuong trinh 2 4n x,y. Gidi hé ta dudc toa dd diém H.
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Chuong 2. TICH VO HUGNG CUA HAI VECTO Két ni tri thire véi cude séng

b)

d)

y J/ J J

Tim toa d tAm dudng tron ngoai tiép tam gidc ABC

Goi I(x,y) 1a tAm dudng tron ngoai tiép tam gidc ABC . Khi d6 IA = IB va IA = IC. Do d6, ta c6
(x—=x4)+(y—ya)> = (x—xp)> + (y—y5)> =0

(x=xa)*+(y—ya)* = (x—xc)*+ (y=yc)* =0

Giai hé phuong trinh ta dudc toa do diém 1.

Tim toa do tAm dudng tron noi tiép tam gidc ABC

A
B D C
* Cach 1:
+) Goi toa do di€m D(x,y). Ta tinh do dai canh AB va AC.
. DB DC DB AB
TacO — = —,suyra — = — =
AB AC DC AC

Do d6 DB = —kDC, ta dugc hé phuong trinh 4n x, y, giai hé ta dudc toa do diém D.
+) Goi toa dd tam dudng tron noi tiép tam gidc ABC 1a J(x,y). Tinh do dai doan BD.

Ta cd JD JA JD BD
aco —— = -"—suyra — = — = 1.
BD  aB V'™ AT aB
Do d6 JD = —1JA, ta dugc hé phuong trinh 4n x, y, gidi hé ta dudc toa dd diém J.
* Cach 2:

Ap dung déng thifc sau L
aJA+bJB+cJC= 0

v6i AB = ¢,BC = a,AC = b.
Tim toa d6 hinh chiéu vuong géc ctia di€ém A 1én dudng thang BC Goi toa do hinh chiéu vudng goc clia
diém A 1én dudng thang BC 1a M(x,y), ta c6

AM BC =0
BM = t.BC Ta thu dudc hé 2 phuong trinh 2 an, gidi hé ta dudc toa do diém M.

<o

a) Tim toa do truc tim H cua tam giac ABC.
b) Tim toa d6 tim dudng tron ngoai tiép tam gidc ABC

¢) Tim toa d6 hinh chiéu vudng géc ciia diém A 1én dudng thang BC

Vidu 19. Cho A(4,3);B(2,7);C(—3,-8).

® Loi gidi.
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3. Tich v6 hudng cuia hai véc-to K&t ndi tri thire véi cude séng

y 4/ J J

$> Vidu 20. Cho A(2,6); B(—3,—4); C(5,0). Tim toa do tim dudng tron ndi tiép tam gidc ABC.

® Loi gidi.

BAI TAP TU LUYEN

$> Bai 28. Tim toa do tAm dudng tron ndi tiép J ctia tam gidc ABC trong céc trudng hop sau:
a) A(135)73(4a _1);C(_4a _5)
b) A(0,—4); B(—5,6); C(3,2)

> Bai 29. Cho A(—1,4); B(—4,0) vaC(2,-2).
a) Tim toa dd truc tdm H cua tam giac ABC.
b) Tim toa dd tAim dudng tron ngoai tiép I ctia tam gidc ABC

¢) Tim toa do hinh chiéu vudéng géc M ctia diém I 1én dudng thang BC

 Loi gidi.
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Chuong 2. TICH VO HUGNG CUA HAI VECTO Két ni tri thire véi cude séng

y J/ J J

$> Bai 30. Trong mit phang Oxy cho tam gidc ABC v6i A(—1,—3); B(2,5) va C(4,0). Xac dinh truc
tam H cua tam giac ABC.

® Loi gidi.

BAI TAP TONG HOP

$>Bai 31. Cho i gidc ABCD v6i A(3,4); B(4,1); C(2,—3); D(—1,6). Chiing minh ti gidc ABCD ndi
tiép dudc trong mot dudng tron.

® Loi gidi.

$> Bai 32. Trong mit phiang Oxy cho hai diém A(—2, —2); B(5,—4).
a) Tim toa do diém C sao cho trong tim cta tam gidc ABC la diém G(2,0).
b) Tim toa dd tim dudng tron ngoai tiép / clia tam gidc ABC.

¢) Tim toa do hinh chiéu vudng géc H ctia diém G 1én dudng thang BC.

D Loi gidi.

> Bai 33. Cho A(—2,2);B(6,6):C(2,~2).

a) Tim toa dd truc tim H cla tam gidc ABC; toa do tim dudng tron ngoai tiép I ctia tam gidc ABC,
toa do trong tdm G cua tam giac ABC.

b) Chiing minh 7H = —3IG

¢) AD la dudng kinh ctia dudng tron ngoai tiép tam giac ABCD. Ching minh ring BHCD 1a mdt hinh
binh hanh.
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3. Tich vd hudng clia hai véc-to Két néi tri thirc véi cude séng

y 4/ J J
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Chuong 2. TICH VO HUGNG CUA HAI VECTO Két ni tri thire véi cude séng

y J J J 2
Bir4. HE THU'C LUGONG TRONG TAM GIAC VA GIAI
TAM GIAC

A-TOM TAT LY THUYET

Cho tam giac ABC, ta quy udc cac ki hi€u sau.
® BC=a,CA=b,BC=a.

@ p= a+129+c

@ my,my, m. 1a dd dai dudng trung tuyén tuong ting ké tir dinh A, B, C ctia tam gidc ABC.

goi 1a nira chu vi cia tam giac ABC.

® hy, by, he 12 dd dai dudng cao tuong tng ké tir dinh A, B, C cua tam gidc ABC.
@ 1,,1p,1. 1a d0 dai dudng phan gidc trong tuong ng ké tir dinh A, B, C ctia tam gidc ABC.
@ R 1aban kinh dudng tron ngoai tiép tam gidc ABC.

@ r1aban kinh dudng tron ngoai tiép tam gidc ABC.

D Hé thirc lvong trong tam gidc vudng
Cho tam gidc ABC vudng tai A, dudng cao AH.
A

B

h
H

® Dinh i Pitago:

BC? = AB? + AC?

@ Néu biét 2 canh géc vudng thi c6 thé tinh dudc dudng cao AH bdi cong thiic:

11 N 1
AH? AB? ' AC?

@ Tich 2 canh géc vudng bing tich canh huyén véi dudng cao tuong tng:

AB.AC = BC.AH |

@ Néu biét 1 canh géc vuong va canh huyén thi ¢6 thé tinh dugc hinh chiéu ctia canh géc vudng d6 1én
canh huyén nhd cong thic:

AB?> =BH.BC; AC?=CH.BC

9 Binh Iy ham sé cosin, céng thirc trung tuyén.

Pinh Iy ham s6 cosin dudc phat minh bdi nha todn hoc Al Kashi (1380 - 1429). Pay 1a mot md rong cia dinh
ly Pythagore. Dinh Iy ham sb cosin dua ra mot phuong phép gitip ta tim dudc mot canh clia tam gidc bat ki
khi biét do dai hai canh con lai va s6 do clia géc xen giita hai canh do, tir d6 ciing cho chiing ta tinh dugc s6
do clia cdc goc con lai cta tam giac. Pinh ly dugc phat bi€u nhu sau:
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC

Két ndi tri thirc véi cude séng

y J/ J J

$> Dinh li 4.1. Trong mot tam gidc bat ky, binh phuong mdt canh bang tong binh phuong ctia hai canh
con Iai trir di hai Ian tich ciia chiing vdi cosin ciia goc xen gitia hai canh do.

Néu ky hiéu a, b, c 1an luct 1a do dai cac canh BC,CA,AB clia tam giac ABC thi ta c6:

a* = b* +c* — 2bccosA
b* = c¢* +a* —2cacosB
2 =a?+b*—2abcosC

Tur dinh 1y ham sd cosin ta ciing suy ra cong thic tinh cosin cic géc clia tam gidc theo do dai cic canh clia

tam giac nhu sau:

(

COSA =
4 cosB =

cosC =
\

br+c? —a?

2bc

2 +a?—b?

2ca

a?+b?—c?

2ab

Mt khac, st dung dinh 1y ham sd cosin c6 thé gidp ta tim dugc do dai cac dudng trung tuyén theo ba canh
clia mot tam gidc. Cu thé, néu ky hiéu m,, my,, m. 1a d6 dai cic dudng trung tuyén xuit phat tl cac dinh A, B,C

thi:

m. =

[, 2(b*+c%) —a?
a

4

2 (02 —|—a2) —b?

my =

4

2 (a2 —l—b2) —c?

m. =
\

B Dinh ly sin

4

<> Dinh Ii 4.2. Cho tam gidc ABC, goi R 13 ban kinh dudng tron ngoai tiép tam gidic ABC. Pit AB = c,

BC =a,CA=b. Taco
a b

¢ _9R

sinA  sinB  sinC

P®) Cdc cong thirc dién tich tam gidc

Dién tich S cta tam gidc ABC dudc tinh bdi mdt trong cac cong thuc

1

1

1
S==a.hy,==b.hy = =c.h,

2 2

2

1 1 1
zibcsinA = zcasinB = EabsinC

B abc
4R
:pr

=\/p(p—a)(p—b)(p—c)

e
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Chuong 2. TICH VO HUGNG CUA HAI VECTO

Két ndi tri thire véi cude séng

B—CAC DANG TOAN

& Dang 1. Mét sé bai tap gilp ndm vitng ly thuyét

Muc nay dua ra mét sé bai tdp ma viéc gidi quyét chi ding dén cdc kién thitc vé tich vé hudng ciia hai
véc-to & bai trudce, chia ding dén cdc cong thiic vé hé thiic luong & bai 3. Két qud clia cdc bai tdp nay sé
ding vao viéc gidi thiéu cdc cong thitc mdi vé hé thiic luong trong tam gidc.

¢ Vidu 1. Cho tam giac ABC
a) Tinh BC theo AB va ;18 .

c) Ching minh ring cosA = ————— -

AB? + AC? — BC?

b) Tinh BC.BC tit d6 tinh tich vo hudng AB.AC theo do dai cac canh cta tam gidc.

® Loi gidi.

a) Tinh BC theo AB va AC.

¢) Tinh AM theo AB va AC.

2AB% +2AC? — BC?

d) Chiing minh AM? = 1

$> Vidu 2. Cho tam gidc ABC c6 AM 1a trung tuyén.

b) Tinh tich vd hudng AB.AC theo do dai cac canh cia tam gidc.

® L3i gidi.
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC K&t néi tri thirc véi cude séng

y J/ J J

$> Vidu 3. Cho tam gidc ABC, dit AB = ¢, CA = b, BC = a. Goi hy, hy, h 1an lugt 1a d6 dai cic dudng
cao ké tit A, B, C cua tam giac ABC.

a) Chiing minh ring h, = bsinC = csinB; hj, = csinA = asinC; h. = asinB = bsinA.

b) Goi S 1a dién tich tam gidc ABC, chling minh ring

1 1 1
S = EabsinC = EbcsinA = EcasinB

® Loi gidi.
’ . i . s, . s s 2, N 2, b
¢S Vidu 4. Ching minh rang dién tich tam giac ABC dugc tinh bdi cong thiic S = %.
o Loi gidi.

$> Vidu 5. Cho dudng tron tim / ban kinh r ndi tiép tam gidc ABC va tiép xiic v6i cac canh AB, BC,CA
clia tam gidc tai K,L, M. Goi p 1a nlta chu vi tam gidc ABC. Chiing minh rang S = p.r.

o Li gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

$> Vidu 6. Cho tam gidc ABC dién tich S. Chiing minh ring

S = %\/ AB2.AC? — (E’A_é)z

¢ Vidu 7. Chitng minh cdng thic tinh dién tich sau (cong thiic Hé-rong)

S=1/p(p—a)(p—b)(p—c)

v6i p la nia chu vi tam giac, a = BC,b = AC,c = AB la d0 dai cac canh.

® Li gidi.
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC

Két néi tri thirc véi cude séng

y J/ J J

$> Vidu 8. Trong mit phiang toa do Oxy, cho hai véc-t6 a = (a1;a3), b = (by;by). Chiing minh rang

0=V|ZRIBPR—(3.5) = |arbz — azbi]|

® Loi gidi.

minh ring dién tich tam gidc ABC la

(¢ —xa) ' | 1

trong do, nguoi ta dat Z

a
C

$> Vidu 9. Trong mit phing toa dd Oxy cho tam gidc ABC c6 A(xa:va), B(xg;yg), C(xc:yc). Chiing

= 5‘()63 —xa)(yc —ya) — (xc —xa) (v — ya)

‘ = ad — bc (dinh thic cép 2).

 Loi gidi.

X bcsinA
Chiing minh rang [, = &,A.
(b+c)sin%

$> Vidu 10. Cho tam gidc ABC, goi [, 1a do dai dudng phan gidc trong ké tit dinh A ctia tam gidc ABC.

D Ldi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO

Két néi tri thirc vai cude séng

y 4/ J J

¢ Vidu 11. Cho tam gidc ABC c6 AB < AC (hay ¢ < b), goi I/, 1a do dai dudng phan ngoai ké ti dinh

bcsinA

A ctia tam gidc ABC. Chiing minh ring I/, = ——.
(b—c)cos’

BAI TAP TU LUYEN

%> Bai 1. Cho tam gidgc ABC c6 AB =1, AC = /3, A = 60°.

a) Tinh BC theo AB va AC. ¢) Tinh db dai BC.

b) Tinh AB.AC

® Loi gidi.

4> B&i 2. Cho hinh binh hanh ABCD c¢6 AB = a, AD = 2a vi DAB = 60°.
a) Tinh AB.AD ¢) Tinh AC

b) Tinh AC theo hai vectd AB va AD. d) Tinh BD

o

O L5i gidi.
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC K&t néi tri thirc véi cude séng

y 4/ J J

$> Bai 3. Ching minh ring tdng binh phuong cic dudng chéo clia hinh binh hanh bing téng binh phuong
cac canh.

$>Bai 5. Cho tam gidc ABC c6 trong tim G, M 1a di€ém bit ki. Ching minh ring

MA? + MB* + MC? = 3MG* + GA? + GB* + GC>.
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Chuong 2. TICH VO HUGNG CUA HAI VECTO Két ni tri thire véi cude séng

> Bai 6. Cho tam gidc déu ABC noi tiép duong tron tim O, M 1a mot diém thay d6i trén dudng tron.
Ching minh ring MA? + MB? + MC? khong ddi.

® Loi gidi.

& Dang 2. Xac dinh cdc yéu t6 con lai cia mét tam gidc
khi biét mot s6 yéu t6 vé canh va géc cla tam gidec dé

O dang toan nay, chiing ta dp dung truc tiép dinh 1y ham sd cosin hodc hé qua ctia dinh 1y ham s cosin
dé tim céc yéu t6 con lai clia tam gidc da cho.

. . ) S 3. S,
$> Vidu 12. Cho tam giac ABC ¢c6 b =5,c =7 vacosA = s Tinh canh a va cosin cac goc con lai cua

tam gidc do.

$ Vidu 13. Mot ngudi ding trén ngon hai ding A & bd bién quan sét hai chiéc tau & hai diém B va
C. Khoéng cach tif ngudi do6 t6i chiée tau & diém B va C lan lugt 1a 5 km va 6 km. Géc tao bdi hai hudng
nhin AB va AC 12 60°. Tinh khodng céch d gitta hai chiéc tau.

y J/ J J

D Loi gidi.
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC K&t néi tri thirc véi cude séng

y J/ J J

a=x>+x+1

$> Vidu 14. Choxlasdthuclénhon 1 va{ b=2x+1 . Ching minh ring a,b,c 1a d6 dai ba canh
c=x"—1

clia mot tam gidc va tinh s6 do ciia géc dbi dién véi canh a.

® Loi gidi.

> Vidu 15. Cho AABC c6 céac canh BC = a,CA = b,AB = c. Biét ring ton tai sb tu nhién n > 2 sao
cho @ = b" + ¢". Chiing minh ring A 12 géc c6 s6 do 16n nhat clia tam gidc, tif d6 suy ra AABC c6 3 géc
nhon.

’ ., , 3 2, . v
$© Vidu 16. Cho tam giac ABC ¢6 m, = \/T—C. Ching minh rang:

3
mg+mp+me = g(a—l-b-l—c).

® Loi gidi. B
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

BAI TAP TU LUYEN

¢ Bai 7. Cho tam giac ABC ¢6 AC = 10 cm, BC = 16 cm va C = 120°, tinh do dai canh AB.

$> Bai 8. Cho tam gidac ABC c6 BC = 3,CA = 4 va AB = 6, Tinh cosin ctia goc c6 s6 do 16n nhit clia
tam gidc da cho.

® Loi gidi.

$>Ba&i 9. Cho a?,b%,c? 1a dd dai cdc canh ctia mot tam giac nao d6 va a, b, ¢ 1a d6 dai cac canh clia tam
gidc ABC. Chung minh rang tam giac ABC ¢6 ba géc nhon.

o Loi gidi.

$>Bai 10. Cho tif gidc ndi tiép ABCD c6 AB = CD = a, AD = b, BC = c. Ching minh ring cosA =
b—c

2a
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC K&t néi tri thirc véi cude séng

y 4/ J J

$>Bai 11. Cho tam gidc ABC c6 m, = 15,my, = 18, m. = 27.
a) Tinh dién tich cua tam giac ABC.

b) Tinh do dai cac canh cia tam giac ABC.

 Loi gidi.

$OBai 12. Cho AABC c¢6 céc canh BC = a,CA = b,AB = ¢ thda man hé thiic

1 N 13
a+b b+c a+b+c

Chitng minh rang B = 60°.

BAI TAP TONG HOP

¢ Bai 13. Cho tam gidc ABC ¢6 BC = 10. I 1a diém trén canh BC sao cho 2/B = 3IC. Pudng tron tam
I ban kinh 3 tiép xtic vé6i cdc canh AB, AC lan ludt tai cac diém M, N. Tinh d6 dai c4c canh AB,AC.

D Loi gidii. _
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

$>Bai 14. Cho AABC ¢6 BC = a,CA = b,AB = ¢ va c6 dién tich S. Ching minh ring:

b+ c? — a?
tA = ——————.
a) co 1S

b) Néu l% — D # 1 thi cot B+ cotC = 2cotA, & d6 my,, m. 1a d6 dai cc trung tuyén xuat phat tir B, C.

(o
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC

Két néi tri thirc véi cude séng

1
2

2
B abc

4R
:pr

& Dang 3. Dién tich tam gidc

Dang nay thuong st dung cac cong thiic vé dién tich sau
1
S =§a-ha = —b.hy = =c.h,

1 1
—=—bcsinA = EcasinB = EabsinC

y J/ J J

1
2

=\/p(p—a)(p—b)(p—c)

¢S Bai 15. Cho A(1,5);B(4,—1);C(—4,—5). Tinh dién tich ctia tam gidc ABC.

&> Bai 16. Tinh dién tich tam gidc ABC, biét chu vi tam gidc bing 2p, céc goc A = a°, B = 3°.

® Loi gidi.

la r = 3. Tinh dién tich § cua tam giac.

4> Bai 17. Cho AABC c6 A = 90°, ban kinh dudng tron ngoai tiép R = 7 va ban kinh dudng tron noi tiép

 Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

$> Bai 20. Cho hinh vuéng MNPQ nbi tiép trong tam giac ABC. Chiing minh rang:

Sapc = 2Sunpo-
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC

Két néi tri thirc véi cude séng

y J/ J J

& Dang 4. Chirng minh hé thirc lién quan gitta cdc yéu td trong tam gidc

thifc da biét 1a ding.

cho qua trinh bién déi.

- Duing céc hé thifc co ban dé bién ddi vé nay thanh vé kia hodc chiing minh c4 hai vé ciing bang mot hé

- Khi chiing minh can khai thac cic gia thiét va két luan dé tim diing cac hé thic thich hgp 1am trung gian

> Vidu 17. Cho AABC ¢6 AB = ¢, BC = a, CA = b. p 1a nlta chu vi tam gidc. Chting minh rang:

abc. (cosA+cosB+cosC) = a* (p—a) +b° (p—0) +c? (p—c).

® Loi gidi.

b —c?

45

0 < o < 90°. Chiing minh: cota =

$> Vidu 18. Cho AABC c6 trung tuyén AM, AMB = a, AC = b, AB = ¢, S la dién tich AABC. Véi

D Ldi gidi.

146/273 ’

B Th.S Nguyén Hoang Viet — 80905.193.688 ﬂ



Chuong 2. TICH VO HUONG CUA HAI VECTO

Két néi tri thirc vai cude séng

y 4/ J J

¢ Vidu 19. Cho AABC c6 trong tim G va GAB = o, GBC = B, GCA = 7. DitAB = ¢, BC = a, CA = b

va S la dién tich AABC.Chung minh:

cota + cotff +coty =

3 (a2 +b%+ C2)
48 '

® Loi gidi.

BAI TAP TU LUYEN

$>Bai 21. Cho AABC ¢6 AB = ¢, BC = a, CA = b. R 12 do dai ban kinh dudng tron ngoai tiép AABC.

Chiing minh rang: cotA + cotB +cotC = TR.
abc

® Loi gidi.

$> Bai 22. Cho AABC c¢6 trong tim G , R 12 d6 dai ban kinh dudng tron ngoai tiép tam gidc. Chiing minh

rang:

3— (coszA + cos® B + cos? C)

— % (GA2 +GB?+ GCZ)

o Li gidi.

o

B Th.S Nguyén Hoang Viet — @ 0905.193.688 ﬂ



4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC K&t néi tri thirc véi cude séng

y 4/ J J

$> Bai 23. Cho AABC ¢6 hy, hy, he 1an ludt 12 do dai dudng cao xuit phat tit A, B, C; p 1a nifa chu vi. R,
r 1an lugt 12 ban kinh dudng tron ngoai tiép va noi tiép tam gic. Chiing minh rang:

2 R
)4 2r2hahbhc
® Loi giai

> Bai 25. Cho AABC ¢6 AB = ¢, BC = a, CA = b; I, I, I 1an luct 12 do dai dudng phan gidc xuat phat
1 1 1 1 1 1

tu A, B, C. Ching minh: —+ -+ -< —+ —+ —.
a b C la lb lc

® Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

$> Bali 26. Cho AABC dién tich S ¢6 AB = ¢, BC = a, CA = b. Ching minh a® + b* + ¢* > 4+/3S.

® Li gidi.

BAI TAP TONG HOP

9 Bai 27. Cho AABC ¢6 AB = ¢, BC = a, CA = b; trong tAm G va tam dudng tron noi tiép 1. Biét GI
atb+c 2ab

vudng goc v6i duong phan giac trong cua BCA. Chting minh: 3 = g
a

<> Bai 28. Cho ABCD 1a tit giac ndi tiép v6i AB = a, BC = b, CD = ¢,DA = d va p la nita chu vi, § 1a
dién tich td gidc. Ching minh rang:

B+D
S = \/(p—a)(p—b)(p—c)(p—d) — abcd cos? 5
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC K&t néi tri thirc véi cude séng

y 4/ J J

& Dang 5. Nhan dang tam gidc vuéng

St dung cac phép bién d6i tuong duong hoic hé qua dé bién ddi “Piéu kién cho trudc” dén mot dang thiic
ma tlr d6 ta dé€ dang két luan dudc tinh chét clia tam gidc.

$> Vidu 20. Cho tam gidc ABC thda man diéu kién

sin2A sin2B

sin2A +sin2B = .
+ cosAcosB

Chiing minh tam giac ABC vudng.

® Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

vudng.

$> Vidu 22. Cho AABC c6 sinA +sin? B = V/sinC va céc géc A, B nhon. Chitng minh ring tam
gidc ABC vudng.

® Loi gidi.
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC

Két néi tri thirc véi cude séng

y 4/ J J

BAI TAP TU LUYEN

Chitng minh rang tam giac ABC vudng tai C.

$> Bai 29. Cho A,B 1a hai goc nhon ctia tam giac ABC thda man:

sinZA + sin?B = 1.

® Loi gidi.

Chiing minh ring tam gidc ABC vudng tai A.

$> Bai 30. Cho tam gidc ABC c6 cic géc thda man dang thiic :

sinC = sinA cosB.

® Loi gidi.

vuong néu co:

$>Bai 31. Cho tam gidc ABC c6 C < B va b, c 1a cac canh clia tam gidc. Ching minh rang tam giac ABC

sin(B—C)

b —c?

sin(B+C)  b2+c2

® Loi gidi.
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y 4/ J J

$> Bai 32. Cho tam gidc ABC c6: 5(sinA +3cos B) +9(sin B+ 3 cosA) = 20. Chiing minh ring tam giac
ABC vudng.

& Dang 6. Nhan dang tam gidc cdan

St dung cac phép bién d6i tuong duong hoic hé qua dé bién ddi “Piéu kién cho trude” dén mot dang thiic
ma tlr d6 ta d& dang két luan dudc tinh chét cia tam gidc.

B+C

$> Vidu 1. Chiing td ring tam gidc ABC can néu tanB +tanC = 2tan
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC K&t néi tri thirc véi cude séng

y 4/ J J

BAI TAP TU LUYEN

49 Bai 1. Cho AABC théa man: - ¢

SinA

= 2tanA. Chiing minh ring AABC cén.

® Loi gidi.

154/273 ’

B Th.S Nguyén Hoang Viet — 80905.193.688 ﬂ



Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

- A ) S
$>Bai 2. Cho AABC c¢6 duong cao AH = h, thda man hé thic : h2 = bccos? 5 Ching minh rang

AABC can.
® Loi gidi.
$> Bai 3. Cho AABC théa man hé thc:
4—2sin’ B—2sin’C
: S;n ; 231n = (cotB +cotC)? —2cotB. cotC.
sin“ B +sin“C

® Li gidi.

N on ., 2 ~ A 2, . B b 2, . 2 ., A~
¢S Bdi 4. Cho tam giac ABC théa man hé thiic: sin RGN Ching minh rang tam giac ABC can.

2 /ac
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC K&t néi tri thirc véi cude séng

y J/ J J

$>Bai 5. Cho AABC co: L1084 _ 2b+c
sinA 4b2 — 2

® Ldi gidi.

& Dang 7. Nhan dang tam gidc déu.

St dung céc phép bién ddi tuong duong hoic hé qua dé bién d6i “Piéu kién cho trude” dén mot dang thiic
ma tif d6 ta dé dang két luan dudc tinh chit clia tam gidc. Ngoai ra dbi v6i cac bat dang thifc d6i xiing véi
ba géc A, B,C hoic ba canh a, b, c déu xay ra diu bang tai trang thdi A = B =C = 60° hoic a = b = ¢ d€
chiing minh tam giac ABC déu.

$> Vidu 1. Cho tam giac ABC co:

3

D BsinC — 2

sinBsinC = -
3_33_ 3¢

a2 _ a b
a—b—c
Chiing minh rang tam giac ABC déu.
® Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

. ) A B C . s A
$> Vidu 2. Cho AABC cé: cot? 5 + cot? ) + cot? 5= 9. Ching minh rang AABC déu.

® Loi gidi.

BAI TAP TU LUYEN

<> Bai 1. Cho AABC ¢6:

sinB +sinC = 2sinA
cosB+cosC =2cosA

Chiing minh tam gidc ABC déu.
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC

Két néi tri thirc véi cude séng

y 4/ J J

$>Bai 2. Cho tam gidc ABC co:

Chiing minh rang AABC déu.

B— —A A—B
a?cos ¢ b2 cos ¢ ccos
2 2 2 _P2ipl
2 inA 2sinE 2 inC
) 2 )

& Dang 8. Ung dung gidi tam gidc vao do dac

St dung dinh Iy sin va dinh Iy cos d€ giai.

$> Vidu 3. Tinh khoang cach tit mot diém trén bd song dén mot gbe ciy trén mot cu lao gitta song.
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Két ndi tri thire véi cude séng

y J/ J J

cua cay”.

hoa bang mot két qua cu thé.

> Vidu 4. Trong mot budi gip nhau cudi tuan nghé si hai Xuan Bic dit ra mot tinh hudng ddi véi gido
su Ci Trong Xoay nhu sau: “Mot ngudi ¢6 chiéu cao tif chan dén mat 1a /m. V6i hai dung cu do 1a thuéc
day va gidc ké, ngudi d6 mubn do chiéu cao clia mot cai cdy cao. Vay lam thé nao dé€ do dudc chiéu cao

Néu dugc & vi tri ctia gido su Cui Trong Xoay em lam cach nao dé€ do dudc chiu cao ctia ciy? Hiy minh

® Loi gidi.

¢ Vidu 5.

Mubn do chiéu cao cta thap Cham Por Klong Garai & Ninh
Thuén ngudi ta 1y hai diém A, B trén mit dt c6 khoang cach
AB = 12m cung thang hang véi chin C cta thap d€ dit hai gic
ké. Chan clia gidc ké c6 chiéu cao & = 1,3m. Goi D 1a dinh
thap va hai diém A’, B’ ciing thang hang véi diém C’ thudc chiéu
cgo\CD cta thap. Ngudi ta do dugc goc DA'C’' = 49° va goc
DB'C’ = 35°. Hay tinh chiéu cao CD = C'D +C'C clia thap do6.

Cl

49

A/

B/
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC K&t néi tri thirc véi cude séng

y J/ J J

BAI TAP TU LUYEN (Cho méi dang)

$> Bai 3. Ban Teo chi c6 dung cu la thude thang dai va ban iy mubn do ban kinh ctia dudng tron 16n clia
tuong dai & cong vién Song Ray (tdm clia dudng tron 16n nay bi che khuét béi tugng ciy dude). Ban Teo
dang loay hoay khong biét 1am cach nao d€ do dudc ban kinh ctia dudng tron nay. Hay tim cach gitp ban
Teo hoan thanh cong viéc.

® Loi gidi.

$>Bai 4. Mot 6 t di tit A dén C nhung & gitta A va C 1a mot ngon nii cao nén 6 to phéi chay thanh
hai doan dudng tit A dén B va tit B dén C, cac doan dudng nay tao thanh tam gidc ABC c6 AB = 14km,
BC = 18km va géc B = 100°, biét ring ci 1km dudng o td phai ton 0, 1 lit xing.
a) Tinh sb xiing ma xe tiéu thu khi chay doan dudng tit A dén C ma phai qua B.
b) Gia sit khong c6 ngon niii va c6 con dudng thang tir A dén C thi 6 t6 chay hét con dudng nay ton
bao nhiéu lit xang?

> Bai 5. Ngudi ta du dinh xdy mot ciy cau bac qua mot con sdng tucng ddi rong va chay xiét. Trong
mot dot khao sat ngudi ta mudn do khoang cach giita hai diém A va B & hai bén bd song. Khé khin 1a
ngudi ta khong thé qua song biang bat ki phuong tién gi. Em hiy dit minh vao vi tri cia ngudi khio sat
d€ gidi quyét tinh huéng nay. Biét ring em c6 dung cu ngam do géc va thuée day.

® Ldi gidi.

160/273 ’ B Th.S Nguyén Hoang Viet — 80905.193.688 m




Chuong 2. TICH VO HUONG CUA HAI VECTO

Két ndi tri thire véi cude séng

$> Bai 6. Mot ciy cot dién cao 20m dude dong trén mot trién déc thang nghiéng hop véi phuong nam
ngang mot goéc 17°. Ngudi ta néi mot day cap tir dinh cot dién dén cudi dbc. Tim chiéu dai cta day cap
biét rang doan dudng tir ddy coc dén cudi doc biang 72m.

& Loi gidi.

chiéu cao cua thap.

$> BAi 7. Hai chiéc tau thity P va Q cach nhau 300m. TU P va Q thang hang véi chin A ciia thap hai
ding AB & trén bo bién ngudi ta nhin chiéu cao AB ctia thap dudi cac géc BPA = 35°, BQA = 48°. Tinh

® Loi gidi.

$> Bai 8. Mot cudc dua thuyén xuit phat tir diém A nhu hinh vé bén va di chuyén theo hudng tiy nam
mot géc 52° t6i diém B, sau d6 di chuyén theo hudng dong nam 40° t6i diém C, cudi cung quay trd lai
diém A. Diém C cich diém A mot khoang 8km. Tinh gan ding tdng khoang cach ctia dudng dua.
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4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC K&t néi tri thirc véi cude séng

y 4/ J J

N
wde
Y A
527
B
40
D C
® Loi giai

$>Bdi 9. Hai luc ]_C; va fg cho trudc cung tac dung 1én mot vat va tao thanh goc nhon (H, E) = o. Hay
1ap cong thiic tinh cudng do cta hop luc 5.

® Li gidi.
o> Bai 10.
Mot hanh khach ngdi trong mdt mdy bay, bay & do cao 10km nhin Aggoqom e
xubng hai thi trin dudi mit dit. Géc hop bdi phuong ngang va hai thi :%§°28°
tran 1an lugt 1a 28° va 55° (hinh vé). Tinh khoéng cich gitta hai thi AN
trén. 10km : \\\ \\\\
b
C D
® Li gidi.

162/273 ' B Th.S Nguyén Hoang Viet — 8 0905.193.688 ﬂ
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y 4/ J J
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5. BE KIEM TRA CHUONG || K&t ndi tri thire véi cude séng

y J/ J J

Bir5. DE KIEM TRA CHUONG II

$>Bai 1. Cho A(1,5);B(4,—1);C(—4,-5).

a) Tim toa dd truc tam H cua tam giac ABC.
b) Tim toa dd tim dudng tron ngoai tiép tam gidc ABC.

¢) Tim toa do hinh chiéu vudng géc clia diém A 1én dudng thang BC.

D Li gidi.

&> Bai 2. Cho tam gidc ABC ¢6 AB = 6,AC = 8; A = 120°.
a) Tinh dién tich tam gidc ABC.

b) Tinh dd dai canh BC va bén kinh tAm dudng tron ngoai tiép tam gidc ABC.

¢S Bai 3. Tinh gia tri cia bi€u thic sau P = tan6°.tan 12°.tan 18°...tan 78°. tan 84°.

@ | &i gidii _
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi ri thirc véi cude séng

y J/ J J

$> Bai 4. Ching minh ring néu m2 = m3 +m? thi a*> = S.cott, trong d6 mg, my, m. 1an lugt 1a cic trung

tuyén ting vé6i cdc canh a,b,c va S 1a dién tich tam gidc ABC.

o Loi gidi.

B-DE SO 1B

$>Bai 1. Cho A(—5,6);B(—4,—1);C(4,3).

a) Tim toa do truc tam H cua tam giac ABC.
b) Tim toa dd tim dudng tron ngoai tiép tam gidc ABC

¢) Tim toa do hinh chiéu vudng géc ctia diém A 1én dudng thang BC
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5. DE KIEM TRA CHUONG Il Két néi tri thirc véi cude séng

y 4/ J J

4> Bai 2. Cho tam gidc ABC c6 AB = 3,AC = 4; A = 60°.
a) Tinh dién tich tam giac ABC.

b) Tinh do dai canh BC va ban kinh tim dudng tron ngoai tiép tam giac ABC.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

$> Bdi 4. Ching minh ring néu cc géc clia tam gidc ABC thdéa man diéu kién sinB = 2sinA.cosC, thi
tam gidc do can.

® Loi gidi.

C-DE sO 2A

$>Bai 1. (1,5 diém) Cho AABC c6 AB =2, AC = 3, BC = 4. Tinh dién tich S ctia AABC?

® Loi giai
................................................ e
Viy s = /Pl =Bl —a) = 2.

$>Bai 2. (1,5 diém) Cho AABC c6 AB = 2, AC = 3, BC = 4. Tinh dudng cao h,,.

o Li gidi.
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5. BE KIEM TRA CHUONG || K&t ndi tri thire véi cude séng

y 4/ J J

3V15 1 28 315
Vay S=/p(p—a)(p—b)(p—c) ZT\/_.Tacé:Sz Eaha:haz = L

$>Bai 3. (1 diém) Cho AABC c6 AB =2, AC = 3, BC = 4. Tinh ban kinh R dudng tron ngoai tiép tam
giac .

 Loi gidi.

$>Bdi 4. (1 diém) Tinh gid tri ciia biéu thitc A = 4sin* 135° 4 v/3 cos® 150° — 3 cot? 120°.

 Loi gidi.

4 3 2
VéytacéA:4(?> —I—\/g(—?) —3(—%) :2.

$>Badi 5. (3 diém) Cho AABC biét A(1;2), B(—1;1), C(5;—1).
a) Tim toa d0 chan dudng cao A; ha tit dinh A cia AABC.
b) Tim toa do truc tim H cia AABC.

 Loi gidi.

$>Bai 6. (2 diém) Cho nia du’dng tron du’dng klnh AB. C6 AC, BD la hai day cung thudc nia duong
tron cat nhau tai £. Ching minh ring AE.AC + BE.BD = AB2.

® Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi ri thirc véi cude séng

y J J J @
D-DE sO 2B

¢ Bai 1. (1,5 diém) Cho AABC c6 AB = /3 + 1, AC = 2, BC = /6. Tinh géc A ctia AABC?

$>Bai 2. (1,5 diém) Cho AABC c6 AB = ¢, AC = b, BC = a. Tinh AB.AC theo a,b,c.

® Loi gidi.

$>Bai 4. (1 diém) Cho AABC biét AB =2, BC = 3, CA = 4 va dudng cao AD. Tinh do dai doan CD.

® Loi gidi.

2
1—coso 1+coso
L ) =4tan’ o

¢S Bai 5. (2 diém) Chu inh ra <\/ =
(2 diém) Ng minf rang 1+coso 1—coso

® Loi gidi.

<O Bai 6. (g_giém) Cho tam gidc ABC c6 céc canh AC = b, BC = a va AB = c.
a) Tinh AB.AC theo a, b, c.
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5. DE KIEM TRA CHUONG Il

Két néi tri thirc véi cude séng

y 4/ J J

b) Goi M 1a trung diém BC va G la trong tim AABC. Tinh do dai AM va AG.

c¢) Tinh cos goc tao bdi AG va BC theo a,b,c.

 Loi gidi.

E-DE SO 3A

a) Tinh COSA.

b) Tinh do dai dudng trung tuyén ha tir B.

$OBai 1. (2,5d) Cho tam gidc ABC ¢ AB = 4a, AC = 5a, BC = 6a.

¢) Tinh ban kinh dudng tron ndi tiép tam gidc ABC.

 Loi gidi.
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

$> Bai 2. (1d) Lip mot dudng dau cao thé tir vi tri A dén vi tri B phai tranh mot ngon ni, do d6 ngudi ta
phai ndi thang dudng day tir vi tri A dén vi tri C dai 15km rdi tif vi tri C ndi thang dén vi tri B dai 10km.
Goc tao bdi hai doan diy AC va CB 1a 75°. Hoi viéc nbi thang tir A dén B ngudi ta da ton thém bao nhiéu
km day?

o Li gidi.

> Bdi 3. (2,5d) Cho tam gidc ABC c6 AB = 4a, AC = 6a va goc BAC = 120°. Tinh do dai canh BC,
dudng trung tuyén AM, dién tich tam gidc IBC (I 1a tim dudng tron ngoai tiép tam gidc ABC).
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5. DE KIEM TRA CHUONG Il

Két néi tri thirc véi cude séng

y 4/ J J

sinA sinB  sinC

$>Bai 5. (2d) Cho tam giac ABC thda man -
a

= . Chiing minh tam gi4c ABC déu.
mb mc

® Loi gidi.

=
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

F-DE sO 3B

$© Bai 1. (2,5d) Cho tam gidc ABC ¢4 AB = 2a, AC = 3a, BC = 4a.

a) Tinh cosA
b) Tinh do dai dudng trung tuyén ha tir C.

¢) Tinh ban kinh dudng tron ndi tiép tam gidc ABC.

® Loi gidi.
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5. DE KIEM TRA CHUONG Il Két néi tri thirc véi cude séng

y 4/ J J

$>BQi 2. (1d) Hai chiéc tau thily P va Q cach nhau 400m dong thdi thang hang v6i chan A ciia thap
hdi diing & trén bd bién. Ti P va Q, ngudi ta nhin chiéu cao AB cia thap dudi cic géc BPA = 19° va
BQA = 68°. Tinh chiéu cao AB ctia thap hai ding?

> Bai 3. (2d) Cho tam gidc ABC ¢6 AB = a, AC = 2a va géc BAC = 120°. Tinh d6 dai canh BC, dudng
trung tuyén AM, dién tich tam giac /BC (I 1a tim dudng tron ngoai tiép tam gidc ABC)
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Chuong 2. TICH VO HUONG CUA HAI VECTO K&t néi i thare véi cude séng

y 4/ J J

.. | 1 3
<> Bai 4. (2d) Tinh goc A cua AABC biét = .
(2d) Tinh gbc A cua C bie¢ a+b+a+f oS

l+cosC  2b+a
$>Bai 5. (2d) Cho tam gidc ABC théa });:Ogc 227 Chitng minh tam gidc ABC déu,
c—da )

b+c—a
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y 4/ J J
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PHUONG PHAP TOA DO TRONG
3 Y, MAT PHANG

Bir 1. PHUONG TRINH TONG QUAT VA PHUGNG
TRINH THAM SO CUA PUONG THANG

A-TOM TAT Li THUYET

EB) Véc-to chiphuong ciia dudng théng

4> Pinh nghia 1.1. Véc-to @ goi la véc-to chi phuong clia dudng thang A néu i # 0 va gid ctia 7 song
song hodc trung véi A.

9 Phuong trinh tham sé clia dudng théng

4% Dinh nghia 1.2. Cho duong thang A di qua My(xo;yo) va c6 véc-to chi phuong @ = (uy;us). Phuong

X = X0+t (1) (¢ 1a tham sd).

trinh tham sb cta A : {
y=yo+tup

X =xo+tu

A Nhdn xét: M(x;y) e A= I eR: {
y=Yo+1iup

E®) Phuong tinh chinh tdc clia dudng théng

4> Dinh nghia 1.3. Cho dudng thang A di qua My (xo;y0) va ¢6 véc-to chi phuong @ = (uy;u,), trong
d6 u; va up # 0. Phuong trinh chinh tic ctia dudng thing A 1a

E®) Véc-to phdp tuyén ciia dudng théng

—

¢ Dinh nghia 1.4. Véc-to 7 goi 1a véc-to phap tuyén cla dudng thing A néu 7 # 0 va gid cla 7
vuong goc vii A.

B Phuong trinh tdng qudt ctia dudng théng

4 Dinh nghia 1.5. Phuong trinh Ax+ By +C = 0 (v6i A> 4 B # 0) dudc goi 1a phuong trinh tdng quat
clia duong thang.
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1. PHUONG TRINH TONG QUAT VA PHUONG TRINH THAM SO CUA BUONG THANG K&t ndi ri thirc vai cude séng

y J/ J J

A Nhin xét:

@ Néu duong thdng A co phuong tinh Ax + By = g thi duong thdng A cé véc-to phdp tuyén 7 =
(A;B), véc-to chi phiong la i = (B; —A) hodic u' = (—B;A).

® Néu duong thang A di qua M (xo;yo) va cé mot véc-to phdp tuyén 7 = (A;B) thi phuong trinh
duong thang A : A (x —xq) +B(y —yg) = 0.

® DPuong thang A di qua hai diém A(a;0), B(0;b) (vdi a.b # 0) thi phuong trinh duong thang A cé
dang: o + % = 1. Pdy goi la phuong trinh duong thing theo doan chdn.
a

® DPuong thing A di qua diém M (xo;yo) va ¢ hé s6 goc k thi phuong trinh duong thang A la:
y—yo = k(x —xo). Pdy la phuong trinh duong thdng theo hé sé goc.

A N 2 - - 2 < . ~ A A - N u .
®@ Néu duong thang A cé véc-to chi phuong w = (uy;uz) thi né cé hé sé géc la k = -2 Nguoc lai,
ui

z 2 z a 2 2 ~ “
néu duong thang A co hé so goc k = 5 thi mét véc-to chi phiong ciia né la @ = (1;k).

B-CAC DANG TOAN

D¢ 1ap phuong trinh tham sb ctia dudng thang A ta cin xdc dinh mot diém M (xo;y) € A va mdt véc-to
chi phuong o = (u1;uz).

Vay phuong trinh tham sd dudng thang A : {

& Dang 1. Viét phuong trinh tham sé ctia dudng thdng

X =X +tug
y=Yyo+tus

$> Vidu 1. Trong mit phang Oxy, viét phuong trinh tham sb duong thang A biét A di qua M(1;2) va
6 vec-td chi phuong @ = (—1;3).

® Loi gidi.

$> Vidu 2. Trong mit phang Oxy, dudng thang d di qua A (1;2),B(3;1). Viét phuong trinh tham sb
dudng thang d.

® Ldi gidi.

$> Vidu 3. Trong mit phang Oxy, dudng thang d di qua M(—2;3) va song song v6i dudng thang EF.
Biét E(0; —1),F(—3;0).Viét phuong trinh dudng thang d.

® Ldi gidi.
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG K&t néi ri thirc véi cude séng

y J/ J J

BAI TAP TU LUYEN

$> Bai 1. Trong mit phang Oxy, cho diém A(3; —4), B(0,6). Viét phuong trinh tham s6 ctia dudng thang
AB.

& Loi gidi.

$> Bai 2. Trong mit phang Oxy, viét phuong trinh tham s ctia dudng thing d di qua diém A(1; —4) c6
mot véc-td chi phuong 1a @ = (5;1).

$> Bai 3. Trong mit phang Oxy, viét phuong trinh tham s6 ctia dudng thang d di qua diém M (1;—1) c6
mot véc-td chi phuong 1a @ = (0;1).

® Loi gidi.

49 Bi 4. Trong mit phang Oxy, viét phuong trinh tham sé dudng thang d di qua diém A(0; —4) va song
x=2017+2¢

song vGi duong thang A c6 phuong trinh tham so { y=2018 —1

& Dang 2. Viét phuong trinh tdng quét ctia duéng théng

D¢ lap phuong trinh téng quét clia duong thang A ta can xdc dinh mot diém M (xg;yo) € A va mot véc-to
phép tuyén 77 = (A;B).

Viy phuong trinh dudng thang A : A (x —xg) +B(y — yo) = 0.

Vay phuong trinh tdng quat dudng thang A: Ax + By = C v6i C = — (Axo + Byo).
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Két ndi tri thirc véi cude séng

y 1._PHUONG TRINH TONG QUAT VA PHUONG TRINH THAM 5O CUA DUONG THANG

$> Vidu 4. Trong mit phiang Oxy, viét phuong trinh tdng quat dudng thang A di qua di€ém M(—1;5) va

c6 véc-to phap tuyén 7 = (—2;3).

® Loi gidi.

$> Vidu 5. Trong mit phing Oxy, viét phuong trinh tong quat dudng thang A di qua diém N(2;3) va
vuodng géc véi dudng thang AB véi A(1;3), B(2;1).

 Loi gidi.

$> Vidu 6. Trong mit phang Oxy, viét phuong trinh tdng quat clia dudng thang d di qua A(—1;2) va
vudng goc véi dudng thang A: 2x —y+4 = 0.

. ) . x=-2t x=-2—-t
¢S Vidu 7. Trong mat phang Oxy, cho dudng thang A : { e va A : { .Viét phuong
y = =

trinh tham sb ctia dudng thang d d6i xiing véi A’ qua A.
x=—6+4+71

o {le {x=22—7l. ©{;z;6+3l_ @{y:4+l

y=22-71" y=1

BAI TAP TU LUYEN
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG K&t néi ri thirc véi cude séng

y J/ J J

S N 2 z N 2 x=14+2¢
¢S Badi 5. Cho duong thang A c6 phuong trinh tham so: { 3y
y==->3-

a) Viét phuong trinh tong quat ciia duong thang A.
b) Viét phuong trinh t6ng quat ctia dudng thang 1 di qua diém N (4;2) va vudng géc véi A.

$> Bai 6. Trong mit phang Oxy, cho dudng thang d c6 hé s6 goc biang —3 va A (1;2) nam trén d. Lap
phuong trinh tdng quat ciia dudng thang d.

® Loi gidi.

$> Bai 7. Trong mit phang Oxy, viét phuong trinh tdng quét ctia dudng thang d di qua A (2; —5) va n6
tao véi truc Ox mot goc 60°.

& Loi gidi.

$> Bai 8. Trong mit phing Oxy, cho dudng thing d : y = 2x + 1, viét phuong trinh dudng thang d’ di
qua diém B la diém d6i xting cla di€ém A (0;—5) qua dudng thiang d va song song vdi dudng thang
y=—-3x+2.

® Li gidi.
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1. PHUONG TRINH TONG QUAT VA PHUONG TRINH THAM SO CUA BUONG THANG K&t ndi ri thirc vai cude séng

y J/ J J

$>BQi 9. Trong mit phang Oxy, cho dudng thiang d : 2x — 3y + 1 = 0 va diém A (—1;3).Viét phuong
trinh dudng thang d’ di qua A va cach di€ém B (2;5) khoang cach bang 3.

® Loi gidi.

$>Bai 10. Trong mit phang Oxy, viét phuong trinh dudng thang di qua diém M (2;5) va cach déu
A(—1;2) vaB(5;4).

® Loi gidi.

& Dang 3. Vi tri twong déi va géc gilra hai dudng théng

Cho cdc duong thang A: Ax+By+C =0vaA :A'x+B'y+C' =0.Khidétacé @ = (A,B) van’' = (A", B')
1an lugt 12 véc-to phdp tuyén ctia A va A’
a) D& xét vi tri tuong dbi clia A va A’ trude hét ta dua vao cic véc-to 77 va n’. Néu cac véc-to 77 va n’
A s A —> 7 A £ S TS A B . S
khong cong tuyén thi A va A’ cat nhau. Néu véc-t6 7 va n’ cOng tuyén, nghia la yihb thi A va
A’ 1a hai dudng thang song song hoic trung nhau. Cu thé ta co:
., A B p
A cat A’ khi va chi khi Y + 7 hon nita néu AA’ +BB' =0 thi ALA'.

A B C

A=A khivachikhi — = — = —.
A" B C

. . A B C
A//A’khlvachlkhlzzﬁ o

b) Néu A cit A’ va goi ¢ 1a goc giita cac dudng thang A, A’ thi cos @ = cos(ﬁ’.;? |

Chi y rang viéc xét vi tri tuong d6i ctia hai duding thang ciing dudc xét qua sb6 diém chung ctia A va A’
Viéc xét vi tri tuong d6i va tinh géc gitta hai dudng thang cit nhau ciing dudc thuc hién qua cic véc-to
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y J/ J J

chi phuong ctia A va A’.

> Vidu 8. Cho ba dudng thang: dy : 2x+y—1=0,d> : x+2y+1=0, d3 : mx—y—7 = 0. Ching
minh ring cic dudng thang d;,d» cit nhau va tim gid tri ciia tham sb m dé ba duvng thang trén dong quy.

® Loi gidi.

$> Vidu 9. Cho cic duong thang A: 2x+3y —5 =0,A": 3x — 2y — 1 = 0 va diém M(2;3).

a) Xét vi tri tuong ddi gilta cac dudng thang A va A’.

b) Biét d 1a dudng thang di qua diém M va tao v6i cac dudng thang A, A’ mot tam gidc can. Tinh géc giita
cdc duong thang A va d.

® Loi gidi.

$> Vidu 10. Cho hai duong thang A : (m+3)x+3y —2m+3 =0 va A" : 2x+2y+2—3m = 0. Tim
gid tri clia tham sb m dé

a) Pudng thang A song song vdi A’

b) Pudng thang A cat dudng thang A'.

® Loi gidi.
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y J/ J J

$> Vidu 11. Tim céc gia tri clia k d€ goc gitta cac duong thang A:kx—y+1=0vaA':x—y=0bing
60°.

® Loi gidi.

BAI TAP TU LUYEN

$>Bai 11. Timm sao cho hai dudng thang A : x4+ 5my —4 = 0 va A’ : 2x + 3y — 2 = 0 song song Vi
nhau.

® Loi gidi.

> Bai 12. Trong mit phang toa d6 Oxy, cho 3 dudng thang di: 2x+y—4 =0, d»: 5x—2y+3 =0, d3:
mx+3y—2 = 0. a) Xét vi tri tuong ddi gitta d; va d,.
b) Tim gid tri ctia tham s6 m dé€ 3 dudng thang trén dong quy.

 Loi gidi.

> Bai 13. Trong mit phing véi hé truc toa dd Oxy cho cdc dudng thing A; : x+2y —v2 =0 va
A : x—y =0. Tinh cdsin ctia goc gitta cac dudng thang A; va A,.

® Loi gidi.

‘ > Bai 14. Trong mit phang véi hé truc toa dd Oxy cho cic duong thang A: 3x+5y+15=0va A’ : ‘
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y J/ J J

! 3 Tinh g6 () itta A; va A
. 11mn goc 1ua a 5
14 5¢ g g 1 2

o Li gidi.

> Bai 15. Trong mit phang véi hé truc toa dd Oxy cho 2 dudng thang A: x+2y—5=0, A" : 3x+my —
1 = 0. Tim m d€ géc giita hai dudng thang A, A’ bang 45°.

® Loi gidi.

B Dang 4. Khodng céch tir mét diém dén mét dudng théng

Cho diém M (xo;yo) va dudng thiang A: Ax+ By +C = 0. Khi d6, khoang cich tir diém M dén duong
thang A dudc tinh theo cong thiic
. |AX() + Byg +C|

WA == e+

$> Vidu 12. Tim khoang céch tir diém M(1;2) dén dudng thang (D): 4x+3y —2 =0.

3y—10 = 0 bang 2.

$> Vidu 13. Tim nhiing di€ém nam trén dudng thang A: 2x-+y— 1 =0 va c6 khoang cich dén (D) : 4x+

® Loi gidi.
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y J/ J J

$> Vidu 14. Viét phuong trinh ctia dudng thiang di qua diém A(1,—3) va c6 khoang cach dén diém
My(2,4) bing 1.

 Loi gidi.

$> Vidu 15. Viét phuong trinh ctia dudng thang (D) song song v6i (D) : 3x+4y— 1 =0 va cach (D)
mot doan bé“lng 2.

¢ Vidu 16. Cho diém A(—1,2) va hai dudng (A): x—y—1=0,(A"): x+2y—5 = 0. Tim trén dudng
thang (A) mot diém M sao cho khoang cach tit M dén (A') bang AM.

® Loi gidi.

$> Vidu 17. Tim phuong trinh ctia dudng thiang cach diém M(1,1) mot khoang bang 2 va cach diém
M'(2,3) mot khodng bing 4.

® Loi gidi.
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y J/ J J

& Dang 5. Viét phuong trinh dudng phan gidc clia géc do A, va A, tao thanh

Cho dudng thiang A: ax+ by +c = 0 va hai diém M (xpr; yar),N(xn;yn) € A. Khi d6:
a) M,N niam cung phia so v&i A khi va chi khi (axp; + byy + c)(axy +byy +¢) > 0.
b) M,N nim khdc phia so v6i A khi va chi khi (axp; + by + ¢)(axy +byy +c¢) < 0.

DE viét phuong trinh dudng phan gidc trong ctia gbc BAC ta c6 nhidu cich. Dudi day 1a 3 cach thudng su
dung:
Cach 1:
Dua vao tinh chit duong phan gidc 12 tip hop cac diém cach déu hai dudng thang AB : ax+by+c =0 va
AC :mx+ny+ p =0, ta co:
lax+by+c| _ |mx+ny+ p|
VELE | i

—

Hai duong thu dugc 1a phan giac trong va phan giac ngoai cua goc ABC.

Sau d6, ta can dua vao vi tri tuong ddi ctia hai diém B, C véi hai dudng vira tim dudc dé phan biét phan
giac trong, phan gidc ngoai. Cu thé, néu B,C & cing mot phia thi d6 1a phan gidc ngoai, & khac phia thi
la phan giac trong.

Cach 2:
Lay B’,C’ 1an lugt thuoc AB, AC sao cho:

AB' = — AB;AC' = — AC.
AB AC

Giéi sit AD = AB' + AC' Khi d6 tt gide AB'DC’ 13 hinh thoi.
Do d6, AD 1a vecto chi phuong ctia dudng phan gidc can tim.
Cach 3:

Gia st ¥ = (a;b) la vecto chi phuong clia dudng phan gidc can tim. Ta c6:
ABW ACTW

4B |ac

cos(AB, i) = cos(AC, ) <

$> Vidu 18. Viét phuong trinh dudng phan gidc trong géc A cla tam gidac ABC biét A(1;1), B(4;5),
C(—4;—11).
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y 4/ J J

® Loi gidi.

BAI TAP TU LUYEN (Cho méi dang)

$> Bai 16. Tinh khoang céch tir diém M(3;5) dén dudng thing A: x+y+1 =0.

 Loi gidi.

$>Bai 18. Cho tam gidc ABC. Tinh dién tich tam gidc ABC, v6i: A(—2;14),B(4;—2),C(5; —4).

L&i qidi. _
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y 4/ J J

P <A 2 . 2 X = 3t
$SBai 19. Viét phuong trinh duong thang (D) song song véi dudng thang A: { 2 ds ,t € R va
y =

cach dudng thang A mot khoang bang 3.

® Loi gidi.

$>Bai 21. Cho dudng thang A: 5x — 12y +32 = 0 va hai diém A(1;—1),B(5;—3). Tim mot diém M
cach A mot khoang bang 4 va cach déu hai diém A, B.

$> Bai 22. Cho tam gidgc ABC c6 A(4; —13),B(4;12),C(—8;3). Viét phuong trinh dudng phan gidc trong
gbc B.

D Loi gidii. _
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Két ndi tri thirc véi cude séng

y J/ J J

& Dang 6. Phuong trinh dudng thdng trong tam gidc

Ta c6 cong thiic viét nhanh phuong trinh dudng thang qua hai diém A(x4;y4) va B(xg;yp) la:

X — XA

y—J)A

XB — XA

C=01a:|B(x—x0) —A(y—y0) =0/

Chu y: Cong thiic phuong trinh dudng thang A qua M (xg;yo) va vudng géc véi dudng thang d : Ax+ By +

YB — YA

¢ Vidu 19. Cho tam gidc ABC c¢6 dinh A(3;—4) va hai dudng cao BH va CH c¢6 phuong trinh: 7x —
2y —1 =0 va2x—7y—6 = 0. Hay tim phuong trinh hai canh AB va AC.

® Loi gidi.

$> Vidu 20. Cho tam gidc ABC, biét trung diém cac canh 1a M(—1;—1), N(1;9), P(9;1).
a) Lap phuong trinh cac canh cua tam giac ABC.

b) Lap phuong trinh cac dudng trung truc cua tam giac ABC.

® Loi gidi.
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y 4/ J J

$> Vidu 21. Cho tam gidc ABC, biét dinh A(2;2), cac dudng cao xuit phat tli cac dinh B, C c¢6 phuong
trinh 1an ludt 1a x +y — 2 = 0 va 9x — 3y — 4 = 0. Hay lap phuong trinh cc canh ctia tam gidc ABC.

¢ Vidu 22. Tam gidc ABC c6 phuong trinh canh AB 1a 5x — 3y + 2 = 0, cac dudng cao qua dinh A va
B lan lugt 1a 4x — 3y + 1 = 0; 7x + 2y — 22 = 0. Lap phuong trinh hai canh AC, BC va dudng cao thi ba.

® Loi gidi.
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$> Vidu 23. Lap phuong trinh cic canh clia tam giac ABC biét B(2; —1), dudng cao va phan gidc trong
qua hai dinh A, C lan luot 14 3x —4y+27 =0 vax+2y—5=0.

® Loi gidi.

$> Vidu 24. Trong mit phang Oxy, cho tam gidac ABC c¢6 dudng phan gidc trong (AD): x —y = 0,
dudng cao (CH): 2x+y+3 =0, canh AC qua M(0; —1), AB = 2AM. Viét phuong trinh ba canh ctia tam
gidc ABC.
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y 4/ J J

$> Vidu 25. Trong mit phiang Oxy, cho tam gidc ABC c6 dinh A(—1;2). Trung tuyén CM: 5x+ 7y —
20 = 0 va dudng cao BH : 5x — 2y — 4 = 0. Viét phuong trinh cic canh AC va BC.
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BAI TAP TU LUYEN

$> Bai 23. Lap phuong trinh cdc canh cla tam gidc ABC néu cho B(—4; —5) va hai dudng cao c6 phuong
trinh 1a: 5x4+3y—4=0va3x+8y+13=0.

 Loi gidi.

$> Bai 24. Cho AABC, biét dinh C(4;—1), dudng cao va dudng trung tuyén ké tit dinh A c6 phuong
trinh tuong dng 1a (d;): 2x—3y+12=0va (d): 2x+ 3y = 0. Lap phuong trinh cac canh cia AABC.
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y 4/ J J

$> Bai 25. Cho tam gidc ABC, biét A(1;3) va hai trung tuyén c¢6 phuong trinh 1a x — 2y +1 =0 va

y—1= 0. Lap phuong trinh cac canh cua AABC.

o Li gidi.
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9 Bai 26. Cho tam gidc ABC c¢6 phan gidc clia goc A ¢6 phuong trinh 13: d : x+y+2 = 0; dudng cao
V€ tl B ¢6 phuong trinh 1a dy: 2x—y+1 =0, canh AB qua M(1;—1). Tim phuong trinh canh AC cta tam
giac.

$> Bai 27. Trong mit phang véi hé toa dd Oxy, hdy xac dinh toa dd dinh C clia tam gidc ABC biét rang
hinh chiéu vudng géc ctia C trén dudng thang AB l1a diém H(—1;—1), dudng phan gidc trong clia goc A
c6 phuong trinh x — y+2 = 0 va dudng cao ké tut B ¢6 phuong trinh 4x+ 3y — 1 =0.

® Loi gidi.
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Bir2. PHUONG TRINH DUONG TRON

A-TOM TAT LY THUYET

I Phuong tinh dudng tron khi biét tam va bén kinh

Trong mit phang toa dd Oxy, phuong trinh dudng tron nhin diém I(a;b) 1am tdm va c6 ban kinh R 1a

(x—a)’+(y—b)? =R

9 Dang khac cla phuong trinh dudng tron
Phuong trinh dang x> + y*> — 2ax — 2by + ¢ = 0 la phuong trinh ctia mot dudng tron khi va chi khi
a+b*—c>0

Khi d6, tam 1a I(a;b), ban kinh 1a R = Va? + b* —c.

E®) Phuong trinh tiép tuyén clia dudng tron

Sau day, ta c6 2 cong thiic phuong trinh tiép tuyén ctia dudng tron tai mot diém thudc dudng tron (cong thiic
tach doi).

® Phuong trinh tiép tuyén ctia duong tron (x —a)? + (y — b)? = R? tai diém M (xo;yo) thudc dudng tron la

(xo—a).(x—a)+ (yo—a).(y —a) = R%.

® Phuong trinh tiép tuyén cua dudng tron X2+ y2 —2ax —2by+c =0 tai diém M (x0:y0) thudc dudng
tron la
xox +yoy —a(xo+x) —b(yo+y) +c¢=0.

Khong ding cong thiic tich doi nay, ta van c6 thé viét duge phuong trinh tiép tuyén bing cach tim toa doa dd
véc-td phéap tuyén cla tiép tuyén nay 1a IM = (xo — a;yo — a).

B-CAC DANG TOAN
& Dang 1. Tim tGm va ban kinh dudng tron.

Phwong phdp giai:

@ Cdch 1. Pua phuong trinh vé dang: (C) : x* +y*> — 2ax — 2by + ¢ = 0 (1). Xét d4u biéu thic P =
2 2
a”+b°—c.

- Néu P > 0 thi (1) 1a phuong trinh dudng tron (C) ¢6 tdm I (a; b) va ban kinh R = va? + b2 —c.
- Néu P < 0 thi (1) khong phai 12 phuong trinh dudng tron.
® Cdch 2. Pua phuong trinh vé dang: (x —a)?+ (y—b)> = P (2).

- Néu P > 0 thi (2) 1a phuong trinh dutng tron c6 tim I (a;b) va ban kinh R = /P.
- Néu P < 0 thi (2) khong phai 1a phuong trinh dudng tron.
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$> Vidu 1. Xét xem cac phuong trinh sau c6 la phuong trinh ctia dudng tron khong? Hay xac dinh tam
va ban kinh clia cdc dudng tron d6 (néu co).

a) x24+y24+2x—4y+9=0(1).
b) x*+y* —6x+4y+13=0(2).
c) 2x2+2y> —6x—4y—1=0(3).

d) 2x2+y24+2x—3y+9 =0 (4).

® Loi gidi.

$> Vidu 2. Xét xem céc phuong trinh sau c6 1a phuong trinh ctia dudng tron khong? Hay xac dinh tam
va ban kinh clia cdc dudng tron d6 (néu co).

a) x> +y*+2x—6y—15=0(1).

b) 2x242y? +4x+8y+14=0(2).

 Loi gidi.

$> Vidu 3. Cho phuong trinh x? +y? — 2mx —4(m—2)y+6 —m = 0 (1). Tim diéu kién ctia m dé (1)
la phuong trinh duong tron.

® Li gidi.
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& Dang 2. Lap phuong trinh dudng tron.

Phwong phdp giai:
® Cdch 1.
- Tim toa d0 tdm I (a;b) cta duong tron (C)
- Tim ban kinh R ctia dudng tron (C)
- Viét phuong trinh ctia (C) theo dang (x —a)? + (y — b)?> = R°.
© Cdch 2.

- Gia sit phuong trinh duong tron (C) 1a: x* +y? — 2ax — 2by + ¢ = 0 (hoic x* +y* + 2ax +
2by+c = 0).

- Tir diéu kién ctia dé bai thiét 1ap hé phuong trinh véi ba 4n 1a a, b, c.
- Giai hé d€ tim a, b, c, tit d6 tim dudc phuong trinh dudng tron (C).
Chii -
® Cho dudng tron (C) ¢6 tim I vaban kinh R. A € (C) < IA =R.
@ (C) tiép xtic v6i dudng thang A tai A < IA =d (I;A) =R.
@ (C) tiép xtic v6i hai duong thang A; va Ay < d (I;A1) = d(I;A2) = R.

2
@ (C) cit dudng thing A3 theo dy cung ¢6 do dai a < (d (I;A3))* + az =R

¢ Vidu 4. Lap phuong trinh dudng tron ¢6 tdm 1(3;—5) ban kinh R = 2.

® Loi gidi.

$> Vidu 6. Viét phuong trinh dudng tron (C) c6 tim I (—1;2) va tiép xiic véi dudng thiang A : x — 2y +
7=0.

o

y J/ J J

o

D Loi gidi
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y 4/ J J

$> Vidu 7. Viét phuong trinh duong tron tim I (—2; 1), cat duong thang A : x — 2y + 3 = O tai hai diém
A, B théa man AB = 2.
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¢ Vidu 9. Cho hai diém A (8;0) va B(0;6).
a) Viét phuong trinh dudng tron ngoai tiép tam gidc OAB.

b) Viét phuong trinh dudng tron noi tiép tam gidc OAB.

® Loi gidi.

$> Vidu 10. Trong mit phang v6i hé toa do Oxy, cho dudng thang d : 2x —y — 5 = 0 va hai diém
A(1;2),B(4;1). Viét phuong trinh dudng tron (C) ¢6 tam thudc d va di qua hai di€ém A, B.

> Vidu 11. Trong mit phang véi hé toa dd Oxy, cho hai dudng thang d; : x+3y+8 =0, d» : 3x —
4y+ 10 = 0 va diém A (—2;1). Viét phuong trinh dudng tron (C) c6 tam thudc dy, di qua diém A va tiép
xuc véi ds.

~ =

D Loi gidi _
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y 4/ J J

$> Vidu 12. Viét phuong trinh dudng tron (C) cé tAm nam trén dudng thing d : x — 6y — 10 = 0 va tiép
xtic v6i hai dudng thang c6 phuong trinh d; : 3x+4y+5=0vad, : 4x—3y—5=0.

> Vidu 13. Viét phuong trinh duong tron tdm / thudc dudng thang d; : x —y+1 =0, ban kinh R =2
va cit dudng thang d» : 3x — 4y = 0 tai hai diém A, B thda man AB = 2/3.

® Loi gidi.
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BAI TAP TU LUYEN

$> Bai 1. Trong mit phang v6i hé toa do Oxy, lap phuong trinh dudng tron di qua ba diém A (—1;3),
B(1;4),C(3;2).

® Loi gidi.

$> B 2. Trong mit phang véi hé toa d6 Oxy, cho dudng thang d : 2x — y — 4 = 0. Viét phuong trinh
dudng tron (C) tiép xiic v6i cdc truc toa do va c6 tim & trén dudng thang d.

® Li gidi.

$> Bi 3. Trong mit phang véi hé toa do Oxy, cho hai di€ém A (—1;1), B(3;3) va duong thing d : 3x —
4y + 8 = 0. Viét phuong trinh dudng tron (C) di qua hai di€ém A, B va tiép xuc véi d.

® Loi gidi.
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2. PHUONG TRINH DUONG TRON K&t ndi tri thirc vai cude séng

y 4/ J J

$> BAi 4. Trong mit phang v6i hé toa dd Oxy, cho hai dudng thangd : x+2y—3=0vaA:x+3y—5=0.

4 . ISR i ey 2 ‘o A s A
Viét phuong trinh dudng tron (C) cé ban kinh bang , €0 tam thudc d va tiép xuc vii A.

$> Bai 5. Trong mit phéang toa dd Oxy, cho hai dudng thing d : v/3x+y=0. va d> : v/3x —y = 0. Goi
(C) 1a duong tron tiép xic vdi d; tai A, cit d; tai hai diém B,C sao cho tam gidc ABC vudng tai B. Viét

. y 3 0
phuong trinh cda (C), biét tam giac ABC c6 dién tich bang g va diém A c6 hoanh do duong.

® Loi gidi.
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG

Két néi tri thirc vai cude séng

y J/ J J

> Bai 6. Cho ba dudng thang d; :x—y+1=0,d, : 3x—4y =0, d3 : 4x — 3y —3 = 0. Viét phuong trinh
dudng tron tim 7 thudc dudng thang d, cit duong thing d> tai hai di€ém A, B va cit dudng thing ds tai

hai diém C, D sao cho AB = CD = 2+/3.

® Li gidi.

B Dang 3. Viét phuong trinh tiép tuyén clia dudng trén tai mot diém

Viét phuong trinh tiép tuyén (A) ctia dudng tron (C) tam I(a, b), tai diém M(xo,yo) € (C).
Ta c6 IM = (xo — a;yo — b) 12 véc-to phép tuyén clia A.
Do d6 A ¢6 phuong trinh 1a (xg —a)(x —xo) + (yo — b)(y — yo) = 0.

o
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2. PHUONG TRINH DUONG TRON K&t ndi tri thirc vai cude séng

y 4/ J J

$> Vidu 14. Viét phuong trinh tiép tuyén ciia duong tron (C) : (x —2)%> + (y+3)> = 5 tai diém
M(3;—-1).

 Loi gidi.

$> Vidu 15. Cho dudng tron (Cy,) : x> +y? +2(m— 1)x — 2my — 4 = 0. Biét riing khi m thay ddi, dudng
tron (C,,) ludn di qua diém 7 c¢b dinh c¢6 hoanh d duong. Tim gid tri ciia m sao cho tiép tuyén clia dudng
tron (C,,) tai I song song véi (d) :x—2y—1=0.

 Loi gidi.
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG Két ndi tri thire vai cude séng

y 4/ J J

BAI TAP TU LUYEN

$> Bai 7. Viét phuong trinh tiép tuyén cta duong tron (C) : (x+2)>+ (y —3)? = 5 tai diém M(—1;1).

$>Bai 9. Cho dudng tron (C) : x> +y? —2x — 4y + 1 = 0 va dudng thang (A) : y —x+ 1 = 0. Goi M,N
1a giao diém ctia (C) va (A). Tim toa do giao diém cda tiép tuyén clia dudng tron (C) ké tai M, N.

4> Bdi 10. Cho hai dudng tron (Cp) : x> +y? +2x—2y—3=0va (C3) : x* +y* —dx — 14y +33 = 0.
a) Chiing minh ring (Cy) va (C>) tiép xic véi nhau.

b) Viét phuong trinh tiép tuyén chung ctia hai dudng tron tai tiép diém.
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2. PHUONG TRINH DUONG TRON K&t ndi tri thic vai cude séng

y J/ J J

¢S Badi 11. Cho dudng tron (Cy) : x% +y* — (m —2)x+2my — 1 = 0.
a) Chiing minh ring khi m thay d6i, dudng tron (C,,) ludn di qua diém cb dinh.

b) Goi I 1a diém cb dinh & cau trén sao cho I ¢ hoanh do am. Tim m sao cho tiép tuyén ctia dudng
tron (C,,) tai I song song véi duong thang (d) : x +2y = 0.

® Loi gidi.

& Dang 4. Viét phuong trinh tiép tuyén clia dudng trén di mét diém

Cho dudng tron (C) c6 tam I(a,b) va ban kinh R. Viét phuong trinh tiép tuyén cta (C) di qua diém
M (x0,y0)-

a) Néu IM < R thi khong c6 tiép tuyén nao di qua M.
b) Néu IM = R thi ta giai theo dang 1.
c) Néu IM > R thi ta thuc hién theo cic budc bén dudi.

e Goi phuong trinh tiép tuyén (A) cta (C) di qua M ¢6 dang m(x —xo) +n(y —yo) = 0, trong
d6 m> +n® # 0.

e St dung diéu kién tiép xiic cla tiép tuyén véi dudng tron ta c6 d(1,A) = R. Gidi phuong trinh
trén ta tim dudc quan hé gita a, b.

$> Vidu 16. Viét phuong trinh tiép tuyén (A) ctia dudng tron (C) : (x — 1)2 + (y — 2)? = 8 biét tiép
tuyén di qua diém M(3; -2).
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG Két ndi tri thire vai cude séng

y 4/ J J

o Li gidi.

$> Vidu 17. Viét phuong trinh tiép tuyén chung ctia hai dudng tron (Cy) : x> +y> —2x+2y+1=0va
(C2) : x> +y* +4x—2y+ 1 = 0 sao cho (C;)va (C;) ndm cling mdt nita mit phang bd 1a tiép tuyén d6
(tiép tuyén nay dudc goi 1a tiép tuyén chung ngoai).

® Loi gidi.
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2. PHUONG TRINH BUONG TRON Két ndi tri thire véi cude sbng

y 4/ J J

BAI TAP TU LUYEN

$> Bai 12. Viét phuong trinh tiép tuyén ctia dudng tron (C) : (x — 3)% + y? = 9 biét tiép tuyén di qua
diém M(3;5).

® Loi gidi.
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG Két ndi tri thire vai cude séng

y 4/ J J

$> Bai 13. Viét phuong trinh tiép tuyén ctia dudng tron (C) : x> +y? 4+ 2x — 4y + 3 = 0 biét tiép tuyén di
qua diém M(—2;5).

$> Bai 14. Cho duong tron (C) : x> +y? +2x —2y —2 = 0. Qua diém A(1;2) ké hai tiép tuyén dén dudng
tron (C). Goi tiép diém cta hai tiép tuyén d6 1a M,N. Tinh MN.
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2. PHUONG TRINH BUONG TRON Két ndi tri thire véi cude sbng

y 4/ J J

$> Bai 15. Viét phuong trinh tiép tuyén chung trong clia hai dudng tron (Cp) : x* +y> —2x+2y+1=0
va (C) i x> +y* +4x—2y+1=0.

$> Bai 16. Viét phuong trinh tiép tuyén chung ctia hai dudng tron (Cp) : x> +y* +6x—7 =0 va (Cy) :
(x—2)2+y* =4.
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG K&t néi ri thirc véi cude séng

y J/ J J

% Dang 5. Viét phuong trinh tiép tuyén ca
dudng tron théa man diéu kién cho truéc

Cho dudng tron (C) ¢6 tam I(a,b) va ban kinh R. Viét phuong trinh tiép tuyén (A) ctia (C) c6 phuong
xac dinh trudc.

@ Viét dang phuong trinh tdng quat cia A.

@ St dung diéu kién cho truéc va d(1,A) = R dé tim phuong trinh tdng quat cla A.

$> Vidu 18. Tim diéu kién ctia tham s6 a d€ duong thang (A) : x+ (a— 1)y —a = 0 tiép xtic v6i dudng
tron (C) : x* +y? —2x+4y+2 =0.

® Loi gidi.
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y 4/ J J

$> Vidu 19. Viét phuong trinh tiép tuyén (A) ctia dudng tron (C) : x2 4 y> — 2x + 4y +4 = 0 biét ring
tiép tuyén vudng goc véi dudng thang x4 2y +5 = 0.

$> Vidu 20. Viét phuong trinh tiép tuyén (A) ctia dudng tron (C) : x> +y? — 2x — 4y +4 = 0 biét ring
tiép tuyén hop v6i duong thang (d) : x+y —5 = 0 mot goc 45°.

214/273 ' B Th.S Nguyén Hoang Viet — 80905.193.688 ﬂ




Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG

Két néi tri thirc vai cude séng

BAI TAP TU LUYEN

$>Bai 17. Tim gid tri ctia tham s& m sao cho dudng thang (A) : (m — 1)y +mx —2 = 0 la tiép tuyén ctia

duong tron (C) : x> +y* —6x+5=0.

® Loi gidi.

$> Bai 18. Cho dudng tron (C): x* +y> —4x — 6y — 12 = 0 va dudng thing d : 3x+4y — 6 = 0. Viét

phuong trinh tiép tuyén ctia (C) théa man:
a) Song song vdi dudng thang d.

b) Vudng goc v6i dudng thang d.

o Loi gidi.
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2. PHUONG TRINH BUONG TRON

Két ndi tri thirc véi cude séng

y J/ J J

$>Bai 19. Cho dudng tron (C) : (x — 1)? 4 y> = 9. Viét phuong trinh tiép tuyén ctia dudng tron (C) biét
rang tiép tuyén song song v6i dudng thang y = 2x — 1.

® Loi gidi.

$> BQi 20. Cho dudng tron (C) : x2 +y?> = 25. Viét phuong trinh tiép tuyén (A) ctia dudng tron (C) biét
tiép tuyén tao vdi hai truc toa do mot tam giac vudng c6 canh géc vudng bang niia canh huyén va canh
g6c vudng nam trén Ox 16n hon canh géc vudng nim trén (Oy).

® Loi gidi.

® Néu a = /3b thi ta chon a = v/3;b = 1. Khi d6 phucng trinh tiép tuyén (A) c6 dang v/3x +y+m = 0.

Ta co

d(O;A) =

|m|

V3Hl

m=10
m=—10.

Viy phuong trinh tiép tuyén (A) trong trudng hgp nay 1a v/3x 4y — 10 = 0 hodc v/3x+y+ 10 = 0.

® Néu a = —+/3b thi ta chon a = —/3;b = 1. Khi d6 phuong trinh tiép tuyén (A) c6 dang —v/3x+y +

m=20.
Ta co

d(0;A) =

|m|

V3+1

m=10
m=—10.

Viy phuong trinh tiép tuyén (A) trong trudng hgp nay 1a —v/3x+y— 10 = 0 hodc —v/3x+y+10=0.

$>Bai 21. Cho duong tron (C) : x*> +y? — 2x — 4y = 0. Viét phuong trinh tiép tuyén ctia dudng tron sao
cho tiép tuyén d6 cit cac truc toa do tao thanh mot tam gidc can.

® Loi gidi.
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Két néi tri thirc vai cude séng

y 4/ J J

$> Bdi 22. Cho duting tron (Cy): x> +y*> —6x— 8y — 11 = 0 va dudng tron (Cy): x> +y* —2x— 6y — 6 =0.

Viét phuong trinh tiép tuyén chung ctia (C;) va (G3).

® Li gidi.
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y 4/ J J

$> Bai 23. Viét phuong trinh tiép tuyén chung ctia hai dudng tron (Cy) : x> +y> +2x -2y —3 =0 va
(C3) : x> +y?> —4x — 14y + 48 = 0 sao cho 2 dudng tron nim cling mot nita mit phang bo 1a tiép tuyén
chung do..

 Loi gidi.

BAI TAP TONG HOP

$> BAi 24. Trong mit phang véi hé toa dd Oxy, cho duong tron (C) : x> + y*> — 4x = 0. Tim nhiing diém
trén dudng thang x = 4 ma tif nhiing diém d6 ké dugc dén (C) hai tiép tuyén hop v6i nhau géc 30°.

 Loi gidi.
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG Két ndi tri thire vai cude séng

y 4/ J J

$> Bai 25. Cho dudng tron (C): x> +y? = R? va di€ém M (xo;yo) ndm ngoai (C). Tit M k¢ hai tiép tuyén
MT, va MT; t6i (C) (T, T» 1a céc tiép diém).

a) Viét phuong trinh dudng thang 7; 7.

b) Gia st M chay trén mot dudng thang d ¢ dinh khong cit (C). Chiing minh ring dudng thang 717>
ludn di qua mot diém cd dinh.
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y J/ J J

B Dang 6. Vi tri twong déi clia dudng thdng va dudng tron

Cho dudng thang A : ax + by + ¢ = 0 va duong tron (%) c6 tam I(xp;yo), ban kinh R. Pudng thing A va
dudng tron (4') c6 ba vi tri tuong dbi.

© DPuong thing A va dudng tron (%) c6 hai di€ém chung, ta néi A va (¢) cit nhau.

A

H¢ thiic lién hé gita bdn kinh va khodng

I cdch tix tam duong tron (€) dén duong
R thing A:
A laxo + byo +¢|
B I 2 d(I,A) = —————— <R

va?+b?

® Duong thang A va dudng tron (%) c6 mot diém chung, ta néi A tiép xic v6i (¢). Pudng thang A
con dudc goi l1a tiép tuyén clia dudng tron (%).

A

H¢é thiic lién hé gita bdn kinh va khodng

I cdch tix tdm duong tron (€) dén duong
thing A:
laxg + by + ¢|
R d(1,A) = T2 _ B
A () = 0 o
H

® Pudng thiang A va dudng tron (%) khong c6 diém chung nao, ta néi A va (¢’) khong cét nhau.

A

H¢ thiic lién hé giia bdn kinh va khodng

1 cdch tic tam duong tron (€) dén duong
thing A:
\axo + byo + c|
d(1,A) = ZOT 20 R
R (1,4) VaZ + b2
_ A
H
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG K&t ndi tri thirc véi cude séng

X =xo+at

. D€ xét vi tri tuong déi véi duong
y=Yyo+bt

Khi duong thing A cho bdi phiong trinh tham sé {
tron () ta cé thé'lam hai cdch:

a) Tit phuong trinh tham s6 chuyén vé phuong trinh tong qudt, xét vi tri tuong doi giong nhu
trén.

b) Thé phuong trinh tham sé vao phuong trinh cia duong tron (€) ta dugc phuong trinh bdc
hai c6 dn t, ki hiéu phuong trinh (x).
® Phuong trinh () vé nghiém. Ta noi A va (€) khong cdt nhau.
® Phuong trinh () c6 mot nghiém. Ta néi A tiép xiic véi ().
® Phuong trinh () c6 hai nghiém. Ta néi A va (€) cdt nhau.

A Khi duong thing A cho bdi phuong trinh tong qudt A : ax+ by +c = 0, dé'xét vi tri twong doi ciia A
va duong tron (€) : x> 4+y?> +2Ax + 2By +C = 0, nguoi ta xét hé phuong trinh:
ax+by+c=0 )
*
x> +y? +24x+2By+C=0

a) H¢ () ¢6 hai nghiém. Ta néi A va (€) cdt nhau.
b) Hé (x) cé mot nghiém. Ta néi A tiép xiic vdi (€).

c) Hé (%) co vé nghiém. Ta néi A va (€) khéng cdt nhau.

4> Vidu 21 (Lé Quéc Hiép). [0H3B2] Cho dudng thing A : x — 2y +5 = 0 va dudng tron (€) :
(x—2)% +y* = 4. Xét vi tri tuong ddi ctia A va (¥).

® Loi gidi.

y J/ J J

. . =—-5-—-2
$> Vidu 22. Cho duong thang A : {x . va dudng tron (€) : x* +y? — 4x +2y = 0. Xét vi tri
y =

tuong dbi cia A va (%).

® L3i gidi.

x=4t
va duong tron (%) : (x—3)>+ (y—1)> = 10. Xét vi tri
y=2+2¢

tuong dbi clia A va (%), tim toa do giao diém néu c6.

> Vidu 23. Cho dudng thang A : {

L&i qidi.
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2. PHUONG TRINH BUONG TRON K&t néi tri thirc véi cude séng

y 4/ J J

$> Vidu 24. Cho duong thang A : 6x+ 8y — 1 = 0 va dudng tron (%) : x2 +y? —2mx+4y+m> —5=0.
Tim m d& A cit (%) .

 Loi gidi.

BAI TAP TU LUYEN

$> BQi 26. Cho duong thang A : 4x + 3y + 1 = 0 va dudng tron (%) : x> +y*> — 6x — 8y = 0. Xét vi tri
tuong dbi ctia A va (%).

® Loi gidi.
- 5 2 x=1-4 5 2 2 2O s
$>Bai 27. Cho duong thang A : g1, B duong tron (€) : (x+3)~+ (y— 1)~ = 2. Xét vi tri tuong
y =5
dbi ctia A va (7).
® Loi giai

$> Bai 28. Cho dudng thing A : x —y +5 = 0 va duong tron (%) : x* 4+ y* + 6x — 2y — 3 = 0. Tim toa do
giao di€ém cua A va ().

® Loi gidi.
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG Két ndi tri thire vai cude séng

y 4/ J J

$> Bai 29. Cho dudng thiang A : x — 2y +m = 0 va dudng tron (€) : (x—1)% + (y—2)> = 5. Tim m dé A
khong cit (€) .

4> Bai 30. Cho dudng thang A di qua A(—6;0) va dudng tron (%) : (x—3)2 + (y —2)? = 25. Viét phuong
trinh dudng thang A, biét A cit (%) tai hai diém E, F sao cho EF = 4+/5.

BAI TAP TONG HOP
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2. PHUONG TRINH BUONG TRON Két ndi tri thire véi cude sbng

y 4/ J J

$>Bai 31. Cho diém A(1;2) va dudng tron (€) : x> +y* —2x —9 = 0. Viét phuong trinh dudng thiang A
cit (%) tai hai diém M va N sao cho tam gidgc AMN vudng cin tai A.

® Loi gidi.

$> BAi 32. Cho dudng thang A; : x —y+4 =0 va A, : x — 4y +7 = 0 Viét phuong trinh dudng tron (%)
c6 tam I thudc A, , cat A; tai hai diém E, F sao cho tam giac IEF vuong tai  va EF = 3v/2.

 Loi gidi.
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG

Két ndi tri thire véi cude séng

y J/ J J

& Dang 7. Vi tri twong déi ctia hai dudng tron.

Phuong phdp gidi: Cho dudng tron (C) ¢ tdm I, ban kinh R va dudng tron (C') ¢6 tam I, ban kinh R’.
@ Néu II' > R+ R’ suy ra hai dudng tron khong cit nhau va & ngoai nhau.
® NéulII' < |R—R/|suy ra hai dudng tron khong cit nhau va 16ng vao nhau.
® NéuII' = |R—R’| suy ra hai dudng tron tiép xic trong v6i nhau.

® Néu [R—R'| <II' < R+ R’ suy ra hai dudng tron cit nhau tai hai di€ém phan biét.

$> Vidu 25. Trong mit phiang Oxy, cho hai duong tron (C) : x> +y?> —2x— 6y — 15 =0 va (C') :
x%> +y? — 6x — 2y — 3 = 0. Chitng minh rang hai dudng tron cit nhau tai hai diém phan biét A, B.

® L3i gidi.

$> Vidu 26. Cho hai dudng tron: (C) : x? +y* = 1 va (Cp) : x> +y> —2(m+ 1)x+4my — 5 = 0. Xéc

dinh m dé& (C,,) tiép xiic v6i (C).
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2. PHUONG TRINH DUONG TRON K&t ndi tri thic vai cude séng

y J/ J J

$> Vidu 27. Cho dudng tron (C) : x> 4 y> — 2x+4y — 4 = 0 c6 tim I va duong thing A : v/2x 4 my +
1-v2=0.

a) Tim m d€ dudng thang A cit dudng tron (C) tai hai diém phan biét A, B.

b) Tim m d€ dién tich tam gidc JAB 12 16n nht.

 Loi gidi.

& Dang 8. Phuong trinh dudng thédng chita tham sb

Déi v6i bai todn tim m: Ta dua vao diéu kién bai ra dua vé phuong trinh 4n m.

$> Vidu 28. Tim m biét dudng thang d : (m+ 1)x —my+2m — 1 = 0 di qua diém A(—1;2).

$> Vidu 29. Tim m biét dudng thang d : mx — (m —2)y +3 = 0 song song véi dudng thiang A : 2x +
3y—1=0.

 Loi gidi.

$> Vidu 30. Tim m biét dudng thang d : x+ (2m+ 1)y +m vudng géc v6i dudng thang A: x —y+1=0.

® Loi gidi.
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y 4/ J J

60°.

$> Vidu 32. Tim m d€ dudng thing d,, : mx+ (m —3)y +m? — 3m = 0 tao v6i hai truc toa dd mot tam
gidc c6 dién tich bang 1.

BAI TAP TU LUYEN
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2. PHUONG TRINH DUONG TRON K&t ndi tri thic vai cude séng

$> Bai 33. Cho ho dudng thang d,, : (2m — 3)x 4 my —2 = 0. Tim diéu kién ctia tham s m biét dudng
thang d,, di qua A(2;3).

$> BQi 34. Cho ho dudng thang d,, : (2m — 3)x 4 my —2 = 0. Tim diéu kién ctia tham s m biét dudng
a ) =142t
thang d,, song song vdi duong thang A : {x . ,t €R.
y =

® Loi gidi.

$> Bai 35. Cho ho duong thang d,, : (2m — 3)x 4 my — 2 = 0. Tim diéu kién ctia tham s& m biét dudng
thang d,, vudng goc véi dudng thang 3x —4y+5=0.

D Li gidi.

$> Bai 36. Tim diém cd dinh ctia ho dudng thang d,, : (2m —3)x +my —2 = 0.

 Loi gidi.

& Dang 9. Phuong frinh dudng tron chira tham sé

Dua theo diéu kién bai ton, ta dua vé phuong trinh theo tham s nao do, tir d6 giai ra tim dudc diéu kién
ctia tham sd.

228/273 ’

$> Vidu 34. Cho duong tron (Cy) : x> +y? — (m+2)x — (m+4)y+m+1=0.
a) Ching minh ring (C,,) ludn 1a dudng tron v6i moi gid tri ctia tham s m.
b) Tim m d€ dudng tron (Cy,) di qua di€ém A(2; —3).

c¢) Tim tap hgp tAm cac dudng tron (C,,) khi m thay d6i.

y J/ J J

e
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG Két ndi tri thire vai cude séng

y 4/ J J

d) Chiing minh rang khi m thay d6i, ho cic dudng tron (C,,) ludn di qua hai diém ¢ dinh.

e) Tim nhiing diém trong mit phing toa dd ma ho (C,,) khong di qua véi moi gid tri cdia tham s6 m.

$> Vidu 35. Trong mit phang vdi hé toa dd Oxy, cho dudng tron (C) : x> +y? —2x —2my +m? —24 =0
c6 tam I va dudng thang A : mx + 4y = 0 (& d6 m 1a tham sb). Tim m biét dudng thang A cit dudng tron
(C) tai hai diém phan biét A, B thda man dién tich tam gidc JAB bing 12.

o Li gidi.
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y 4/ J J

$> Vidu 36. Trong mit phing véi hé toa dd Oxy, cho ho dudng thang phu thudc tham s o 1a dg c6
phuong trinh: (x+ 1)cos @+ (y — 1)sin o — 1 = 0. Chitng minh ring ho dudng thang da cho luén tiép xiic
v6i mot dudng tron ¢b dinh.

® Loi giai
BAI TAP TU LUYEN
0 N N P N 2 2 9m2 1
¢S Bai 37. Cho ho dudng tron (Cy,) ¢6 phuong trinh x= 4 y* — 4mx — 2my + - —m=s.

a) Tim tap hgp tim cta (C,,) khi m thay d6i.
b) Chiing minh rang (C,,) ludn tiép xtc véi hai dudng thang c6 dinh.

¢) Tim m d& (C,,) tiép xtic v6i duong thang A : x +y — 2.
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y 4/ J J

$ Bai 38. Trong mit phang véi hé toa dd Oxy, cho dudng tron (C) : x> +y*> —4x+8y — 5 = 0. Tim diéu
kién clia tham s6 m d€ dudng thing A : x + (m — 1)y +m = 0 tiép xtic véi dudng tron (C).

@ Li gidi.

$> Bai 39. Trong mit phang v6i hé toa do Oxy, cho dudng tron (C) : (x — 1)2 + (y +2)? = 9 va dudng
thang d : x+y+m = 0. Tim m d€ trén dudng thang d c6 duy nhit mot diém A ma tit d6 ké dudc hai tiép
tuyén AB, AC t6i dudng tron (C) (B, C 12 hai tiép di€ém) sao cho tam gidc ABC vudng.

® Loi gidi.
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y 4/ J J

$> BAi 40. Trong mit phang toa do véi hé toa do Oxy, cho ho dudng tron (Cy,) : x* +y? —2(m + 1)x —
2(m+2)y+6m+7 =0 (v6i m 1a tham sd). Xéc dinh toa do tim dudng tron thudc ho da cho tiép xiic véi
truc tung.

® Loi gidi.

$>Bai 41. Cho duong tron (C) : (x—2)% + (y—1)> = 9 va dudng thang A : (m+ 1)x+my — 1 = 0, véi
m 13 tham sb.

a) Ching minh ring duong thang A ludn cit (C) tai hai diém phan biét A, B.

b) Tim m d€ do dai doan thang AB dat gi tri 16n nhét.

> Bai 42. Tim tht ca céac gia tri clia tham s6 a d& hé phuong trinh sau c6 diing hai nghiém

{ X +y?=2(1+4a)
(x+y)* =4

~ .

D Loi gidi. _
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG K&t ndi tri thirc véi cude séng

$> Bai 43. Trong mit phang véi hé toa do Oxy, cho ho dudng tron (C,,) : x* +y*> — 2mx — 2(1 —m)y +
2m? —2m — 3 = 0. Tim quy tich tim ctia ho dudng tron (C,,).

® Loi gidi.

& Dang 10. Tim foa dé mét diém thda mét diéu kién cho truéc

O day, ta xét bai toan tim toa dd mot diém théa mot diéu kién cho trudc vé do dai, vé goc, vé khoang cach,
dién tich, lién quan dén dudng tron, tao hinh vudng, tam gidc déu, ...

Trong mit phang Oxy, xét duong tron (%) : (x —a)? + (y —b)> = R%.

Tim di€m M € (%), ta lam nhu sau:

Cach 1

® Goi M(xg;y0) € (%), tacé: (xo —a)?+ (yo —b)> = R%.

@ Dua vao diéu kién cho trudc ta c6 thém hé thiic lién hé gitta xo va yo. Tir d6 tim dudc toa do ctia
diém M.

Cach?2

x=a-+Rsint

61 t € (0;360°).
y=b+ Rcost ol | )

® Chuyén phuong trinh dudng tron (%) vé dang tham s6: {
Xo = a-+ Rsint

vGi t € [0;360°).
yo = b+ Rcost

@ Goi M(xp;y0) € (¢), ta c6: {

@ St dung diéu kién cho trudc dé xac dinh sint va cost. Tir d6 tim dugc toa do cia diém M.

$> Vidu 37. Trong mit phang Oxy, cho tam gidac ABC vudng can tai A. Biét M(1;—1) la trung diém
2
canh BC va G (g, 0) la trong tdm tam giac ABC. Tim toa do cac dinh A, B, C cua tam giac ABC.

y J/ J J

® Ldi gidi.
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y J/ J J

$> Vidu 38. Trong mit phang Oxy, cho dudng tron (%) : x*> +y? —4x — 6y +5 = 0.
a) Tim cdc diém thudc (%) c6 toa dd nguyén.

b) Xac dinh toa do cac dinh B, C cla tam gidc déu ABC noi tiép dudng tron (%), biét diém A(4;5).

® Ldi gidi.

$> Vidu 39. Trong mit phing Oxy, cho dudng tron (%) : x*> +y> — 4x — 4y +4 = 0 va dudng thing
(d):x+y—-2=0.

a) Chiing minh ring (d) ludn cit (%) tai hai diém phan biét A, B. Tinh d6 dai doan thiang AB.

b) Tim diém C thudc (¢') sao cho tam gidc ABC c6 dién tich 16n nhét.

® Loi gidi.
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y 4/ J J

$> Vidu 40. Trong mit phang Oxy, cho dudng tron (%) : (x —2)? + (y — 3)?> = 2 va dudng thang
(d):x—y—2=0.

a) Tim trén (%) di€ém P sao cho khodng céch tit P dén duong thang (d) dat gid tri 16n nhit, nhd nhét.

b) Tim diém M (xo;yo) thudc (€) sao cho x + yo dat gia tri 16n nhét, nhé nhét.
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y J/ J J

BAI TAP TU LUYEN

S 2 e 8
4> Bai 44. Trong mit phiang Oxy, cho dudng tron (%) : x* +y? = 4 va hai di€ém A (1 ; —§> , B(3;0). Tim

g ., , on , Y 20
toa do diém M thudc (%) sao cho tam giac MAB c6 dién tich bang =

® Loi gidi.

$> Bai 45. Trong mit phang Oxy, cho dudng thang A : x +y+2 = 0 va duong tron (€) : x*> +y* —4x —
2y = 0. Goi I 1a tam ctia duong tron (%’) va M 1a mot diém thudc dudng thang A. Qua M, ké hai tiép tuyén
MA, MB véi dudng tron (€) (A, B 1a céc tiép di€ém). Tim toa do diém M sao cho ti gidc MAIB c6 dién
tich bang 10.

® Li gidi.

$> BQi 46. Trong mit phang Oxy, cho dudng tron (%) : (x —3)? + (y —2)? = 8 va diém A(2;3).

a) Tim cac diém thudc (%) co toa dd nguyén.

b) Tim diém M thudc (¥€’) sao cho MA dat gia tri 16n nhit, nhé nhét.

® Loi gidi.
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y 4/ J J

AMB = 45°,
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Két néi tri thirc véi cude séng

y J/ J J

2. PHUONG TRINH BUONG TRON

BAI TAP TONG HOP

$> BQi 48. Trong mit phiang toa dd Oxy, cho tam gidc ABC vudng tai A(2;4) c6 AB > AC va B(8;0).
Goi H 1a chan dudng vudng goc ké tit A, diém D nam trén dudng thang BC sao cho H la trung diém CD.
Goi E 1a diém niam trén dudng thang AD sao cho BC 1a phan gidc géc ABE. Viét phuong trinh duong tron
ngoai tiép tam gidc ABE.

D Li gidi.

¢ Bai 49. Trong mit phang toa dd Oxy, cho hai dudng tron (Cp): x> 4+y*> = 13 va (C3): (x—6)2+y* =
25. Goi A 1a giao diém ctia (C1) va (C;) sao cho A ¢6 tung dd duong. Viét phuong trinh dudng thang di
qua A cit (Cy) va (C,) theo hai diy cung c6 do dai bang nhau.
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y 4/ J J

$> Ba@i 50. Trong mit phing toa do Oxy, cho ba diém A(—1;5), B(—4;—4), C(4;0). Goi D, E, F lan
lugt 1a chan céc dudng cao ha tit A, B, C. Viét phuong trinh dudng tron noi tiép tam giac DEF .

$>Bai 51. Trong mit phang toa do Oxy, cho dudng thing d : x —y = 0. Pudng tron (C) c6 ban kinh
R = /10 cit d tai hai diém AB sao cho AB = 4+/2. Tiép tuyén clia (C) tai A va B cit nhau tai mot diém
trén truc tung. Viét phuong trinh dudng tron (C).
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y 4/ J J

$> Bai 52. Trong mit phang toa d6 Oxy, cho tam gidc ABC c6 truc tam H(2;1) va B(1;3), C(1;0). Viét
phuong trinh dudng tron ngoai tiép tam gidc ABC.
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y 4/ J J

$> B@i 53. Trong mit phang toa dd Oxy, cho tam gidc ABC c6 AB < AC noi tiép dudng tron (C) :
(x—3)2+(y—1)2 =8 va B(1;—1), C(5;3). Tia phan gidc trong ctia géc BAC cat dudng tron (C) tai K.

. 5 . < AH V15 | . N
Hinh chiéu cua A trén duong thang BC la H. Tim toa do di€ém A biet AE - 5 va A ¢6 tung do duong.

241/273’ B Th.S Nguyén Hoang Viet — @ 0905.193.688 ﬂ




2. PHUONG TRINH BUONG TRON K&t néi tri thirc véi cude séng

y 4/ J J

$> Bai 54. Trong mit phang toa do Oxy, cho dudng tron (C) : (x — 1)+ (y+1)% = 16 ¢6 tam I va diém
A (0;2). Viét phuong trinh dudng thiang d qua A cit (C) tai hai diém phan biét B, C sao cho tam gidc IBC
va c6 dién tich bang 8.

® Loi gidi.

$> Bai 55. Trong mit phang vdi hé toa do Oxy, cho dudng tron (C) : x> +y? +4+/3x —4 = 0. Tia Oy cit
(C) tai A. Viét phuong trinh dudng tron (C'), ban kinh R’ = 2 va tiép xic ngoai véi (C) tai A.
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y 4/ J J

$> Bai 56. Trong mit phang véi hé toa do Oxy, cho dudng tron (C) : x> +y? —2x+4y+2 = 0. Viét
phuong trinh dudng tron (C') ¢6 tam M (5;1), biét (C’) cat (C) tai hai di€ém A, B sao cho AB = /3.

o Li gidi.

$> B@i 57. Trong mit phang véi hé toa dd Oxy, cho dudng thang d : x —y — 1 = 0 va hai dudng tron c6
phuong trinh (Cy) : (x—3)> + (y+4)2 =8, (C3) : (x+5)% + (y—4)? = 32. Viét phuong trinh dudng tron
(C) c6 tam I thude d va tiép xtic ngoai véi (Cy) va (C2).

® Loi gidi.
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y J/ J J

Bir3. PUONG ELIP

A-TOM TAT Li THUYET
D Pinh nghia

Trong mit phang cho hai diém cb dinh Fy, F> v6i F1 F> = 2¢ va mot dd dai khong ddi 2a (0 < ¢ < a). Elip (E)
1a tap hop tat ca cac diém M trong mit phang théa man MF; + MF> = 2a.
Ta goi:

@ F, B 1a céc tiéu diém cua elip;
@ FF, = 2c: Tiéu cu ctia elip;
® MF,,MF>: Ban kinh qua tiéu.

y
M
F o 12 X

D Phuong trinh chinh tdc cla Elip
Phuong trinh chinh tic cta elip:

2

2 p=h

a®>  b?

trong d6 a*> = b* + 2.
Chitng minh. Cho Elip c6 hai tiéu diém F; va F»>. Chon hé truc toa do Oxy sao cho Fi(—c;0), F>(c;0).
Khi d6: MF, = \/(x+¢)2 +y? & MF? = (x+¢)? +)?

MF, = \/(x—c)2+y> & MF} = (x—¢)* +)?

2
:>MF12 —~MF} =4cxmaM € (E) & MF, + MF, = 2anén MF, — MF, = «“r
a
Ta c6 hé:
2cx
MF, —MF, =—
R T 3.1)
MF +MF, =22a
Suy ra:
cX
MF, =a+—
& 3.2)
MF, =a——
a
2
Lai c6: MFy =a+ & = V/ (x+¢)?+y? hay <a—|—g> = (x+¢)2+y?
a 2 E a
Tt do, phén tich va rut gon ta dugc: — + ———> =1
a as—=c¢C
2 3P
Dof—wl>On&uﬁuﬁ—c2:bﬂb>OLmdmx:—5+Z§:1@)
a

Phuong trinh () goi 1a phuong trinh chinh tic cta elip.

e
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y J/ J J

B Hinh dang cla elip

B

a) Truc doi xitng ciia elip: Elip c6 phuong trinh () nhan cic truc toa do lam truc ddi xiing va nhan gbc
toa do 1am tam ddi xing.

b) Hinh chit nhdt co sé: V& qua A; va A, hai dudng thang song song véi truc tung, vé qua B va B, hai
dudng thing song song véi truc hoanh. Bén dutng thang d6 tao thanh hinh chit nhat PORS. Ta goi hinh
chit nhat do 1a hinh chit nhat co s cua elip.

Tir d6 suy ra Moi diém ctia elip néu khong phai 1a dinh déu nam trong hinh chit nhit co s ctia n6, bon
dinh cua elip 1a trung diém cdc canh ctia hinh chit nhat co s6.

A Cdc diém: A(—a;0);A2(a;0);B1(0; —b); B2(0;b) goi la cdc dinh ciia elip.
A1Ay = 2a: Do dai truc lon. B1By = 2b: D¢ dai truc bé.

¢) Tdam sai ciia elip: Ti sb gitta tiéu cu va do dai truc 16n cla elip goi 1a tim sai cta elip va dudc ki hiéu 1a
PN c
eticlaje= —|
a

— Néu tAm sai e cang bé (tiic 1a cang gan 0) thi b cang gan a va hinh chif nhat co sé cang gan véi hinh
vuong, do d6 dudng elip cang “béo”.

A . N 2, 2, N N X N .7 A b N A 7,0 N N ~, A 2, N
— Néu tam sai e cang 10n (tic la cang gan 1) thi ti sO — cang gan t61 1 va hinh chu nhat co s6 cang
a

“det”, do d6 dudng elip cang “gay”.

B—CAC DANG TOAN

& Dang 1. Xéc dinh cdc yéu 16 cla elip

Xéc dinh toa d6 cac dinh, toa do cic tiéu diém, do dai cic truc, do dai tiéu cu cia elip bang cach 4p dung
cac cong thuc:

a) 2 =a?—b%.
b) D6 dai truc 16n: A1Ay = 2a, d0 dai truc nho: BBy = 2b.

¢) Do dai ti€u cu: Fi F> = 2c.

CAC VIDU

¢ Vidu 1. Xdc dinh toa do cac dinh va do dai céc truc cla céc elip c6 phuong trinh sau:
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y 4/ J J

2 2 2 2
Xy b) x*+4y- = 1.
—_— —:1
a) 16+4
® Loi gidi.

x>y b) 4x?+25y = 36.

® Loi gidi.

¢ . ~ A N 2, M 2 A .~ “ A N A N 2, N 3 ’ N
¢S Vidu 3. Cho elip (E) c6 dd dai truc 16n bang 10, ti so gitta tiéu cu va do dai truc 16n la 5 Tinh d6
dai truc nhd cua elip.

® Loi gidi.
BAI TAP TU LUYEN
$>Bai 1. Xac dinh toa do céac dinh va cdc tiéu diém cua cic elip ¢6 phuong trinh sau:
2 2
y

A
Y700 " 64

2, "
4y =1.

) 4 Y

D Loi gidi. _
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Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG
y 4/ J J

$9 Bai 2. X4c dinh toa do cdc dinh va cac tiéu diém cia céc elip c6 phuong trinh sau:
a) 16x% +25y* =1
b) 0,25x%> +9y* = 1.

< Bai 3. Tim do dai truc 16n, truc nhé va tiéu cu ctia cic elip c6 phuong trinh sau:
a) 16x% 4 64y* = 100
2 2

XY
_— —:2.
b) 8+2

49 Baii 4. Xdc dinh d6 dai céc truc cia elip (E): = + ly)—z =1, (a> b > 0) biét riing (E) ¢6 do dai tiéu
a

cu bing 6 va di qua diém A(5;0).

® Loi gidi.

$>Bai 5. Xdc dinh toa do cac dinh cua elip (E): — + 27—2
M(0;—2) va N(2;V/3).

® Loi gidi
~ . . x2 y2 <A . - R \/’7 N s o0 A M 3 A N
$>Bai 6. Choelip (E): — + = 1. Biét (E) di qua diém M | 2v/3; — | vaco tiéu cu bang 2 do dai
a
truc 16n. Tinh do dai truc nho cua (E).

. =

D Loi gidi. _
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y J/ J J

2 |2
$>BQi 7. Tim toa do cdc dinh ctia elip (E) c6 phuong trinh chinh tic la x_2 + Z—z = 1, biét ring (E) di
a

qua di€ém M(2;1) va céc dinh trén truc nho nhin hai tiéu diém dudi mot goc vuong.

2 2
$> Bai 8. Cho elip (E) c6 phuong trinh chinh tic 1a ;C—z + z—z
biét ring (E) di qua diém M(+/5;1) va khoang cich tit mot dinh nam trén truc 16n dén mot dinh nim trén
truc nho bing tidu cu.

= 1. Xdc dinh toa do céc tiéu diém cta (E)

® Loi gidi.

& Dang 2. Viét phuong trinh dudng Elip

Viét phuong trinh elip 14 qu4 trinh tim cdc dic trung cda elip, d6 1a do dai truc 16n (2a), do dai truc nhod

(2b).
2 2

Khi 1am dang bai nay, dau tién can gia st phuong trinh elip c6 dang (E) : 2V

S +m=1

Sau d6 tif nhitng gia thiét bai toan, gidi tim a, b va viét phuong trinh.
+ Khi 1am bai can chd y céc tinh chét sau ctia elip:

a) Elip nhan hai truc Ox, Oy 1am truc ddi xiing.
b) Tam sai cua elip e = ¢
a
¢) Bén kinh qua tiéu ctia di€m M(x;y) € (E): MF; = a+ex;MF, = a— ex.

d) Pudng chuin cua elip:
Puong thang d : x + ) dugc goi 1a dudng chuin cla elip, ing véi tieu diém Fy (—c;0).
e

Puong thang d» : x — ) dugc goi 1a dudng chuin cla elip, ing véi tiéu diém F»(c;0).
e

$> Vidu 4. Lap phuong trinh chinh tic ctia elip (E) ma do dai truc 16n bing 6, dd dai truc nhd bing 4.

® Loi gidi.
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y 4/ J J

’ « A ~ , < 9 . . . [N 3
¢S Vidu 6. Viet phuong trinh chinh tac cia elip di qua hai diém M(1;0),N (%, 1).

BAI TAP TU LUYEN

$>Bai 9. Lap phuong trinh chinh tic ctia elip biét elip di qua diém M(8;12) va c6 ban kinh qua tiéu
diém bén phai ctia M bang 20.

® Loi gidi.
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y 4/ J J

4> Bai 10. Viét phuong trinh chinh tic cta elip di qua M (—;

()]
Sl

® Loi gidi.

4> Bai 11. Viét phuong trinh chinh tic ctia dudng elip biét hinh chit nhat co s& ctia (E) ¢6 mot canh ndm
trén dudng thang y —2 = 0 va c6 do dai dudng chéo bang 6.

 Loi gidi.

$> Bai 12. Trong mit phang toa do Oxy, cho hinh thoi ABCD c¢6 AC = 2BD va dudng tron tiép xic véi
cac canh ctia hinh thoi ¢6 phuong trinh x> + y? = 4. Viét phuong trinh chinh tic ctia elip di qua cdc dinh
A,B,C,D cia hinh thoi. Biét diém A nam trén truc Ox.

® Loi gidi.
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y 4/ J J

4> Bai 13. Trong mit phang véi hé toa dd Oxy, cho diém M(1;2) va dudng tron (C) : x> +y? = 21. Viét
phuong trinh chinh tic cda elip (E) biét hinh chi nhat co s6 ctia (E) ndi tiép dudong tron (C) va diém M
nhin hai tiéu di€ém cta (E) dudi mot géc 60°.

® Loi gidi.

$> Bai 14. Trong mit phang véi hé toa do Oxy, cho dudng tron (C) c6 phuong trinh x> +y? = 9, viét
p 1 . ’ . )

phuong trinh chinh tac cda cho elip (E) c6 tdm sai e = 3 Biét (E) cat (C) tai 4 diém phéan biét A,B,C,D

sao cho AB song song v6i Ox va AB = 3BC.
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252/273 ’

& Dang 3. Tim diém thudc elip thda diéu kién cho truéc

2 2

Tit phuong trinh chinh tic ctia elip ( ) x_ + Zz = 1 suy ra rang néu di€ém M (xo;yo) € (E) thi toa do ctia
M phéi thda phuong trinh trén, tu'c = + % 1. Két hop véi cac diéu kién khac dé€ tim diém M.

$> Vidu 7. Trong mit phiang Oxy, cho elip (E) : 9x* + 16y*> = 144. Tim tit ci diém M thudc elip sao
cho géc F{MF, bang 60°.

® Loi gidi.

22
$> Vidu 8. Trong mit phang Oxy, cho elip (E) : % + y? = 1. Tim tét ¢4 céac di€m thudc elip c6 toa dd
12 s6 nguyén.
® Loi giai

y J/ J J
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y 4/ J J

2 2
$> Vidu 9. Trong mit phang Oxy, cho elip (E) : % + yz = 1. Goi M 1a di€ém di dong trén elip. Goi

H, K lan lugt 12 hinh chiéu ctia M 1én céc truc toa do Ox va Oy. Tim tit cd diém M dé td gidc OHMK c6
dién tich 16n nhat.

® Loi gidi
BAI TAP TU LUYEN
2 ¥ X
<> Bai 15. Trong mit phang Oxy, cho elip (E) : e = 1. Goi Fy, F; 1an lugt 1a tiéu diém bén trai va

bén phai ctia elip. Tim tat c diém M thudc elip sao cho:
a) MF, = 3.

b) MF, = 3MP>.
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y 4/ J J

$> BAi 16. Trong mit phang Oxy, cho elip (E) : x> + 5y> —20 = 0, c¢6 F}, F> lan ludt la tiéu diém bén
trdi va bén phai. Tim tit c4 diém M thuoc elip sao cho:

a) FiMF, = 90°.

b) FMPF, = 120°.

 Loi gidi.

8]

2
% =1 va diém A(—3;0). Tim tit ca c4c diém B,C

X
2 . 9 A
thudc elip sao cho tam giac ABC nhén di€ém I(—1;0) lam tdm dudng trong ngoai tiep.

$> Bai 17. Trong mit phang Oxy, cho elip (E) : — +

 Loi gidi.
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y 4/ J J

2 2

> Bai 18. Cho elip (E) : % + )’T = 1. Tim toa do céc di€ém A va B thudc (E) c6 hoanh do ducng sao

cho tam gidc OAB cén tai O va c6 dién tich 16n nhAt.

® Loi gidi.

2 2
$>Bai 19. Cho elip (E) : ﬁ + ;_6 =1 va diém M(3;2). Goi A va B la hai di€ém nidm trén elip va dbi
xting nhau qua M. Viét phuong trinh dutng thang AB.

® Loi gidi.

2 2
$> Ba@i 20. Trong mit phang toa do Oxy, cho diém A(2;+/3) vaelip (E) : % + )’E = 1. Goi Fi,F> 1a cac

tiéu diém ctia (E) (F; c6 hoanh do am); M la giao diém ctia dudng thang AF; véi (E) (M c6 tung do
duong); N 1a diém dbi xing ctia F> qua M. Tim tAm va ban kinh dudng tron ngoai tiép tam gidc ANF,.
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y 4/ J J

2 2

5 B&i 21. Cho elip (E) : ;‘—5 + % — 1 va hai diém A(—5;3),B(5;—3). Tim trén (E) diém C c6 hoanh

dd va tung do duong sao cho dién tich tam gidc ABC 16n nhat. Tinh dién tich 16n nhit dé.

BAI TAP TONG HOP

$> Bai 22. Trong mit phang véi hé toa dd Oxy, viét phuong trinh chinh tic cta elip (E) biét khi M thay
d6i trén (E) thi do dai nhd nhit ctia OM bing 4 va do dai 16n nhét ctia MF| bing 8 véi Fy 1a tiéu diém c6
hoanh do am.

 Loi gidi.
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y 4/ J J

$> Bai 23. Trong mit phiang Oxy, lap phuong trinh chinh tic ctia elip (E), biét c6 mot dinh va hai tiéu
diém ciia (E) tao thanh mot tam gidc déu va chu vi hinh chit nhat co s6 ctia (E) 1a 12(2 +/3).

® Li gidi.

2 2
$ Bi 24. Trong mit phang toa dd Oxy, cho elip (E) : % + )jT = 1. Pudng thing A : 2x — 3y = 0 cit

(E) tai hai diém B, C. Tim toa do diém A trén (E) sao cho tam gidc ABC c6 dién tich 16n nhét.

® Loi gidi.
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y 4/ J J

2 2

$> Bai 25. Trong mit phang toa do Oxy, cho elip (E) c6 phuong trinh % + )17 =1vaP(l;—-1). Goid

la dudng thang di qua P cit (E) tai hai diém M,N. Tim toa do6 hai diém M, N sao cho PM.PN 16n nhit.

$> BQi 26. Trong mit phang toa do Oxy, cho elip (E) :

cit (E) tai hai di€ém phan biét c6 toa do 1a cac s6 nguyén.

N . 2 « A ~ . < 2 - A . M 4 <A
¢S Bai 27. Trong mét phang toa do Oxy, viet phuong trinh chinh tac cta (E) c6 tdm sai bang 5 Biet

ring dién tich cta tf gidc tao bdi cdc tiéu diém va céc dinh trén truc bé ctia (E) 1a 24.

 Loi gidi.

258/273 ' B Th.S Nguyén Hoang Viet — 80905.193.688 ﬂ



Chuong 3. PHUONG PHAP TOA BO TRONG MAT PHANG Két ndi tri thire vai cude séng

y 4/ J J

$> Bi 28. Trong mit phang toa do Oxy, cho hai di€ém A(4;3),B(6,4). Xac dinh diém M thudc elip
2

(E): % + % = 1 sao cho dién tich tam gidc MAB dat gid tri nhé nhit.
® Loi gidi.
. : ¥y . )
¢S Bai 29. Trong mét phang toa dd Oxy, cho (E) : 75 + 9= 1 va diém M(2;3). Viét phuong trinh
duong thang di qua M, cit (E) tai hai diém phan biét A, B sao cho M 1a trung diém ctia AB.

® Loi gidi.
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y 4/ J J

$> Bai 30. Trong mit phing toa do Oxy, cho diém A(4;0) va elip (E) : ;C— +
diém B, C thudc (E) sao cho tam gidc ABC vudng can tai A.

® Loi gidi.
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2 2
4> Bai 31. Trong mit phang toa d6 Oxy, cho dudng thang d : x+y—4 =0 vaelip (E) : % + y? =1.

Viét phuong trinh dudng thang A vudng géc véi d va cit (E) tai hai di€ém A, B sao cho dién tich tam gidc
OAB bing 2.

2 2

$> Bai 32. Trong mit phang toa do Oxy, cho elip (E) : )16—6 + % — 1 ngoai tiép tam gidc déu ABC. Tinh

dién tich tam gidc ABC, biét (E) nhan A(0;3) lam dinh va truc tung lam truc ddi xing.

® Loi gidi.
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y 4/ J J
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y J/ J J

Biai4. DE KIEM TRA CHUONG 3

$>Bai 1. ChoA(1,5);B(4,—1);C(—4,-5).

a) Viét phuong trinh tong quat ctia dudng thang chifa cic canh ctia tam gidc.
b) Viét phuong trinh dudng trung truc canh BC va AB.

¢) Viét phuong trinh dudng tron ngoai tiép tam gidc ABC.

® Loi giai
. Xy
$SBai 2. Cho elip (E) ¢6 phuong trinh 7 + T= L.

a) Tim tiéu di€m, tim sai, dudng chuan cta (E).

b) Tim trén (E) nhitng diém M sao cho M nhin doan thang ndi hai tiéu diém dudi mot géc vudng.

® L3i gidi.
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y J/ J J

$> Bai 3. Trong mit phang véi hé truc toa dd Oxy cho hai diém A(2;0) va B(6;4). Viét phuong trinh
dudng tron (C) tiép xidc véi truc hoanh tai diém A va khoang céch tit tim ctia (C) dén di€ém B bing 5.

$>Bai 1. Cho A(—5,6);B(—4,—1);C(4,3).
a) Viét phuong trinh tdng quat ctia dudng thang chita cac canh ctia tam gidc.
b) Viét phuong trinh dudng trung truc canh BC va AB.

¢) Viét phuong trinh dudng tron ngoai tiép tam gidc ABC.

o Li gidi.
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2 2

$>Bdi 2. Cho elip (E) ¢6 phuong trinh % + % =1.

a) Tim tiéu di€m, tdm sai, dudng chuan cia (E).

b) Tim trén (E) nhitng diém M sao cho M nhin doan thang ndi hai tiéu diém dudi mot géc vudng.

® Loi gidi.

$> Bai 3. Trong mit phang véi hé truc toa dd Oxy cho tam gidc ABC c6 C(—1;—2), dudng trung tuyén
ké tlf A va dudng cao ké tlf B 1an lugt c6 phuong trinh 1a 5x+y —9 = 0 va x+ 3y — 5 = 0. Tim toa do cic
dinh A va B.

C-DE SO 2A

$>Bai 1 (2 diém). Trong mit phing Oxy, cho A : {

x=1+¢ .
, (t € R) va diém A(3;0). Tim B € A sao
y:

cho AAOB vudng tai O.

® Loi gidi.
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4> Bai 2 (2 diém). Tim hinh chiéu vudng géc ciia gbe toa do O 1én dudng théng A : x —y+2 = 0, tif
d6 tim diém doi xing cla O qua A.

 Loi gidi.

x—2y+7=0.

4> Bai 4 (2 diém). Cho AABC noi tiép dudng tron (%) c6 tam la gbe toa do O. Viét phuong trinh tiép
tuyén ctia (%) tai A biét E(—1;0) va F(1;1) 1an lugt 1a chan duong cao ké tit B va C; A thudc dudng thang
A: 3x+y—1=0.
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2 2

@mwam&uamm@y% %:L

a) Tim do dai truc 16n, do dai truc nhd, tiéu cu cua (E).

b) Viét phuong trinh dudng tron dudng kinh 1a doan ndi hai tiéu diém cia (E).
Ching minh (E) va (¢’) khong c6 di€ém chung nao.

D Loi gidi.

D-DE sO 2B

~s « 2 2 = 1 —1 o
¢S Bai 1 (2 diém). Trong mat phang Oxy, cho A : {x , (t € R) va diém A(0;3). Tim B € A sao
y =
cho AAOB vudng tai O.
® Loi giai

> Bai 2 (2 diém). Tim hinh chiéu vudng goc ciia gbe toa o O 1én dudng thing A : x +y —2 = 0, tir
d6 tim diém dbi xing ctia O qua A.

® Ldi gidi.
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4> Bai 3 (2 diém). Viét phuong trinh dudng tron (%) noi tiép AABC biét (€) ¢6 tam I(—1;2) va
AB:x—2y+7=0.

> Baii 4 (2 diém). Cho AABC noi tiép dudng tron (%) c6 tam 1a gbe toa do O. Viét phuong trinh tiép
tuyén cta (%) tai A biét E(—1;3) va F(2;3) lan lugt 1a chan dudng cao ké tii B va C va A thudc dudng
thang A: 2x+y—5=0.

o LJi gidi.
) 2
$>Bai 5 (2 diém). Choelip (E): T = 1.

a) Tim do dai tryc 16n, do dai truc nho, tiéu cu cua (E).

b) Viét phuong trinh dudng tron dudng kinh 1a doan nbi hai tiéu diém cda (E).
Chiing minh (E) va (¢) c¢6 4 diém chung.

D Loi gidi. .
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E-DE SO 3A

¢S Cau 1. (4,0 diém) Trong hé toa dd Oxy, cho tam gidc ABC v6i A(—1;3),B(3;1) va C(3;-5).

a) Viét phuong trinh tham s va phuong trinh téng quét ctia dudng thang chia canh AC.

b) Viét phuong trinh tdng quét ctia dudng cao xudt phat tit dinh B va tim toa do truc tim clia tam gidc
ABC.

¢) Viét phuong trinh duong thang d di qua A va cach B mot doan bang 4.
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$> Cau 2. (2,0 diém) Trong hé toa d6 Oxy, cho dudng tron (T) : x* +y* —2x+6y — 15 =0.
a) Tim toa do tdm va tinh ban kinh cta (7).

b) Viét phuong trinh tiép tuyén ctia (7'), biét rang tiép tuyén d6 song song vdi duong thang [ : 3x —

4y+5=0.
R — —————8)
® Loi gidi.
. . 2 y?
¢S Cau 3. (2,0 diém) Trong hé toa do Oxy, cho elip (E) : 9 + 7= 1.

a) Xdc dinh toa do céc tiéu diém F, P> va do dai tiéu cy cia (E).

b) Liy diém M tuy y thudc (E). Chiing minh rang biéu thic T = MF; - MF;, + OM? c6 gia tri khong

doi.
T — ——
® Loi giai
2
$» Cau 4. (2,0 di€ém) Trong hé toa do Oxy, cho (E) : e R 1.

a) Viét phuong trinh dudng tron (C) c6 tim O va dudng kinh bang do dai truc nhé cia (E).

b) Tim diém M (x;y) thudc E c6 toa dd duong sao cho tich x -y dat gid tri 16n nhat.

T S———

® Loi gidi.
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F-DE sO 3B

¢S Cau 1. (4,0 diém) Trong hé toa dd Oxy, cho tam giac MNP v6i M(—1;3),N(3;1) va P(3;-5).

a) Viét phuong trinh tham sb va phuong trinh tdng quat ctia dudng thang chita canh MP.

b) Viét phuong trinh tdng quat ctia dudng cao xuét phat tit dinh N va tim toa do truc tim ctia tam gidc
MNP.

¢) Viét phuong trinh dudng thang d di qua M va cach N mot doan bang 4.
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$> Cau 2. (2,0 diém) Trong hé toa d6 Oxy, cho dudng tron (C) : x> +y> —2x+ 6y — 15 = 0.
a) Tim toa do tdm va tinh ban kinh cua (C).

b) Viét phuong trinh tiép tuyén ctia (C), biét ring tiép tuyén d6 song song vdi dudng thang d : 4x —

3y+1=0.
T R — e ——
® Loi gidi.
- . ¥
¢S Cau 3. (2,0 diém) Trong hé toa do Oxy, cho elip (E) : B + 7= 1.

a) Xdc dinh toa do céc tiéu diém F, > va do dai tiéu cy cia (E).

b) Liy diém M tuy y thudc (E). Chiing minh rang biéu thic T = MF; - MF;, + OM? c6 gia tri khong

doi.
T — ——)
® Loi gidi
. . X2 y?
¢S Cau 4. (2,0 diém) Trong hé toa do Oxy, cho (E) : 16 + 9= 1.

a) Viét phuong trinh dudng tron (C) c6 tim O va dudng kinh bing do dai truc nhé ctia (E).

b) Tim di€ém M (x;y) thudc E c6 toa dd duong sao cho tich x -y dat gid tri 16n nhat.
R ————— —————

® Loi gidi.
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