CHU PE PHUONG PHAP QUY NAP TOAN HQC
I. KIEN THUC TRONG TAM
1) Pé chirng minh mdt ménh dé P(n) ding véi mei n € N* thi ta thuc hién theo cac budc sau day:
e Kiém tra ménh dé dung v6i n=1.
e Gia str ménh d& da dang v6i n = k ; dua ra duge bicu thie ciia P(k); ta goi la gid thiét quy nap.
e V§i gia thiét P(k) da dung, ta chimg minh ménh d¢ ciing dung voi n=k +1.
2) Pé chirng minh mdt ménh dé P(n) diing v6i moi n > p; (p 1a s6 mot sd tw nhién) thi ta thue hién
nhu sau:
e Kiém tra ménh dé ding véi n=p .
e Gia sir ménh dé da ding v6i n = k ; dua ra dugc biéu thirc ctia P(k) ; ta goi 14 gia thiét quy nap.
e Véi gia thiét P(k)da ding, ta chimg minh ménh dé cling ding véi n=k +1.

II. HE THONG Vi DU MINH HQA

Vi du 1: Chung minh céc biéu thirc sau ding v6i moi so tyr nhién n duong:

n(n+1)
a) 1+2+3+...+n=T.
by 142743 4 a2 DAY
6
Loi gidi:
n(n+1)

a) 1+2+3+...+n=

- (1)
. X , 1.2 ,
+) V6i n=1 thitacod 1:7:(1)dung.

k(k+1)
2

+) Gia su (1)dﬁngvc’7i n=k,khidotaco 1+2+3+...+k =

+) Ta s& chimg minh (1) ding véi n=k+1, tic 12 1+2+3+...+k+(k+1):—(k+l)(k+2)

Thét vy, 1+ 2+43+..+k+(k+1)=(1+2+3+...+k)+(k+1)= k(k+1)+k+1=

2
_k(k+1)+2(k+1)  (k+1)(k+2)
- 2 - 2
Vay biéu thirc d4 cho ding v6i n=Fk+1.
b) 12+22+32+...+n2:"("+1)6(2"+1), (2)
+) Véi n=1thitaco I’ :%:(2) dting.
k(k+1)(2k+1)

+) Gia st (2)dung v6i n=k,khidotacod 1 +2° +3* +...+k° = .
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+) Ta s& chimg minh (2)dung v6i n=k+1, tirc la

P+2°+3 +..+k° +(/’c+1)2 = (k+1)(k+62)(2k+3)

That vay, 1° +2° + 3% + ...+ k° +(k+1)2 =(12+22 +32+...+k2)+(k+1)2 =

k(k+1)(2k+1) 2 k(k+1)(2k+1)+6(k+1)
= ‘ +(k+1) = c
(ke )[k(2k+1)+6(k+1)]  (k+1)(26°+7k+6)  (k+1)(k+2)(2k+3)
6 6 6

Vay biéu thirc (2) ding.

Vi du 2: Chirng minh ring;

a) 1.2+2.5+3.8+...+n.(3n—1)=n*(n+1)v6i moi n duong.

b) 3" > n® +4n+5véi moi s6 ty nhién n>3.

Loi gidi:
a) 1.2+42.5+3.8+...+n.(3n—-1)=n’(n+1), (1)

+) Véi n=1thitaco 1.2=17(1+1) = (1) dung.

+) Gia st (1) ding v6i 7 =k, khi d6 ta c6 1.2+2.5+3.8+...+ k.(3k —1) = k> (k+1)

+) Ta s& chimg minh (1) ding véi n=k+1, tic 12
1.242.5+3.8 4.4k (3k—1)+(k+1)(3k +2) = (k+1)" (k+2)

That vay,

1242.5+38+..+k(3k—1)+(k+1)(3k+2)=[1.2+2.5+38+...+ k.(3k —1) |+ (k +1)(3k +2)

=k2(k+1)+(k+1)(3k+2)=(k+1)(k2+3k+2):(k+1)(k+1)(k+2)=(k+1)2(k+2)

Viy biéu thirc da cho dung v6i n =k +1.

b) 3" >n*+4n+5, (2)

) V6i n=3thitaco 3 >3>+43+5 < 27>26 = (2)ding.
+) Gia su (2)dung v6i n=4k, khi do ta c6 3" > k* +4k+5

+) Ta s€ chimg minh (1) dung v6i n=k+1 ticla 3" > (k+1)2 +4(k+1)+5

That vay, 3" =3"3>3(k” +4k +5) =3k> +12k +15 =k + 2k +1)+ 4 (k+1)+ 5+ 2k + 6k +5

=(k+1)2+4(k+1)+5+2k2+6k+5>(k+1)2+4(k+1)+5 do 2k+6k+5>0 Vk.

Do d6 ta duge 3" > (k+1)" +4(k+1)+5.

Vay (2)dung.

Trang 2




Vi du 3: Chiing minh rang véi moi n e N”, ta c6:

a) 2" >2n+1;(n23). b) 2" > 2n+5.

Loi gidi:
a) 2" >2n+1;(n>3). (1)
+) Vi n=3thitaco 2° =8>2.3+1=(1)ding.
+) Gia s (1) ding véi n =k, khi d6 ta co 2" >2k+1(k>3)
+) Ta s& chimg minh (1) dang v&i n=k+1, tirc 1a 2 > 2(k+1)+1=2k+3
That viy, 25" = 2.2 >2.(2k+1) =4k +2> 2k +3 (Vk > 3)
Vay biéu thirc (1) dang.
b) 2"% >2n+5. (2)
+) V6i n=1thitaco 2° =8>2.1+5=(2) ding,
+) Gia sur (2)dung v6i n =4k, khi do ta c6 22 > 2k +5
+) Ta s& chimg minh (2)ding v6i n=k+1, the 1a 2 > 2(k+1)+5=2k+7
That viy, 2" =2.2"% > 2.(2k +5) =4k +10> 2k +7 (Vk e N')

Vay biéu thirc (2) ding.

Vi du 4: Chirng minh ring véi moi n e N”, ta cé:

a)1+%+...+i2<2—l;(n22). b)li .2n_1< ! )
2 n n 247 2n 2n+1
Loi gidi:
1 1 1 1
a) l++—=-+.+—5<2——, (I
) 22 32 n2 n ()

+) Véi n=2thitacod 1+%<2—%dﬁng.

+) Gia su (1) dng véi n =k , khi d6 ta co 1+%+3L2+...+%<2—%

+) Ta s& chimg minh (1) ding véi n=k+1, tc 12 1+%+L+...+L+ !

—<2
32 k2 (k+1)2<

1 1 1 1 1 1

That va 1+L+L+ ++—-< <2-——+
ST TR Ty TR (ke1y K (kD)
:2—L(do(k+1)2>k(k+1))
k+1

Vay biéu thirc d4 cho ding v6i n = k +1. Vay biéu thirc (1) ding.

1

k+1
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3 2n-1 1
—... <
47 2n  2n+1

b)

(2)

N | —

+) V6i n=1thitaco %<L: (2) ding.

NG

+) Gid st (2)dang v6i n =k, khi do ta co

13 <
2°47 2k \2k+1

+) Ta s& chimg minh (2)dang v6i n=k+1, tirc la

13 2(k+1)-1 | .
T e < =
2477 2(k+1)  2(k+1)+1 N2k+3
That viy, 13 2Dt 1 2kl 2kl
24 2(k+1) k1 2(k+1) | (2k+2)
Lai c6 (2k+1)(2k+3)<(2k+2)2:>l_§_”2k_1.2(k+1)_1< 211
2747 2k T 2(k+1) A\ (2k+2) N2k+3

Vay biéu thirc (2) dung.

Vi du 5: Chirng minh ring véi moi n e N”, ta cé:

1 1 1 1 1 13
a 1+—+...—<2\/_. b) —+ +..+—>—;(n>1).
Y Ir gty <A Ry A WS THUS)
Loi gidi:

a) 1+%+...ﬁ< 2\/;.(1)

+) V6i n=1thitacé 1<2+/1 dung.

+) Gia s (1) ding véi n =k, khido tacod 1+—= 1 <2Vk.

5w

+) Ta s& chimg minh (1) ding véi n=k+1, thc 1a 1+— ! +. ..+L+L<2\/k+l.

V2 Ve e+l

That vay, 1+— <2k +—

Fr T

2 2 1 1
Lai co: 2Vk+1-2k = > = = 20k + <2Jk+1
Vie+14vk = Vk+1+Vk+1 Jk+1 Vk+1

Vay nén biéu thirc di cho ding voi n=k +1.

Vay biéu thire (1) dung.

! + ! + +L>£;(n>1).
24

b)
n+l n+2 2n

+) V6i n=2 thitaco l+ ! >£ (2)dung.
3 4 24
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+) Gia str (2)dung v6i n =k, khi do ta co L+L+...+L>£;(k>1).
k+1 k+2 2k 24

+)Taséch1’rngminh(2)dﬁngvc’7in=k+1.t1'rcle‘1L+L+...+...+ ! >£;(k>1).
k+1 k+2 2k+2 24
Ar A 1 1 13 1 1 13
That vay, ——+——+...+...+ > >
k+1 k+2 2k+2 24 2k+1 2k+2 24
Viy nén biéu thirc da cho dang v6i n =k +1.
Vay biéu thirc (2)ding.
Vi du 6: Chirng minh ring véi moi n e N”, ta cé:
2(n+1)°
a) I +2" +..+0° =#. b) 1.4+2.7+...+n(3n+1)=n(n+1)’,
Loi gidi:
2(n+1)°
a) P+2° +..+n’ =#.(1)
212
+) V6i n=1thitacd 1 =——=(1)dung.
K (k+1)°
+) Gia su (1) ding véi n =k, khi do ta co 13+23+...+k3=T

2 2
+) Ta s& chimg minh (1) dng v6i n=k+1, tie 1a ' +2° + ..+ & +(k+1)’ _ (k) (k+2)

2

+(k+1)3 :(kﬂ)z-[%ﬂcﬂ}=(k+1)2,(k+2)2

4

2 2
Thtviy T +2° 4.4k + (k1) = F L)

Vay biéu thirc d4 cho ding v6i n=Fk+1.

Vay biéu thirc (1) dung.

b) 1L4+2.7+..+n(3n+1)=n(n+1)". (2)

+) V6i n=1thitaco 1.4=1.27 = (2)ding.

+) Gia sir (2)ding v6i n =k, khido taco 1.4+2.7+...+k(3k+1)=k(k+1)’.

+) Ta s& chimg minh (2)dang voi n=k+1, tuc Ia

14427+t k (3k+1)+ (k+1)(3k +4) = (k+1) (k+2)".

That vy

1.4+2.7+...+k(3k+1)+(k+1)(3k+4):k(k+1)2 +(k+1)(3k+4):(k+1)(k2 +k+3k+4)
= (k+1)(k +2)’ = biéu thitc da cho dung v&i n =k +1.

Vay biéu thie (2) ding.
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Vi du 7: Chting minh rang véi moi n e N”, ta c6:

a) 1.2+2.3+...+n(n+1)zw 11 1 n

3 ' 12 23 7 n(n+l) n+l
Loi gidi:
W) 1242344 n(n1)=ED0E2) gy
+) V6i n=1thitaco 1.2:%:(1)dung.
+) Gia su (l)dfmg voi n =k, khi do ta co: 1.2+2.3+...+k(k+1):w.

+) Ta s& chimg minh (1) ding véi n=k+1, tc 12

12423+ +k(k+1)+(k+1)(k+2)= (k+1)(k;2)(k+3).
That vay
k(k+1)(k+2)

12423+ +k(k+1)+(k+1)(k+2)=

+(k+1)(k+2):(k+1)(k+2)(§+lj

(k+1)(k+2)(k+3) .. s
= 3 = bicu thuc da cho dung voi n=k+1.

Vay biéu thirc (1) dung.

+) V6i n=1thitaco éz%:(Z)dﬁng.

e , . e , 1 1 1 k
+) Gia st (2)dung v6i n=k, khi do tacd —+—+...+ =—

1.2 2 k(k+1) k+1
+) Ta s& chimg minh (2)dang v6i n=k+1, tirc a
R S SR _k+l
1.2 23 7 k(k+1) (k+1)(k+2) k+2
1 1 1 1 k 1 1 1

That viy — +——+... _ L[

Y 23 k) (k) (kv2) kel (keD)(k+2) k+1( +k+2j

2
= (k+1) :k+1 = biéu thirc da cho dung v&i n =k +1.
(k+1)(k+2) k+2

Vay biéu thirc (2) ding.
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Vi du 8: Chiing minh rang véi moi n e N”, ta c6:
n (4n2 - 1)

a) P43 +5 +..+(2n-1) = 3

b) 1+4+7+..+(3n—-2)=——+

Loi gidi:

a) n=1;n="2, bai toan ding. Gia su bai todn dung v&i n =k thi

k(4k* -1
n:k:>12+32+52+...+(2k—1)2:—( ; ).
Ta chung minh dling véi n=k +1.
That vay
k(4K -1 ke(4k> —1)+3(4k> + 4k +1
12+32+52+...+(2(k+1)—1)2:u+(2k+1)2: ( ) ( )

3

412K +11k+3 (K 1)(4K +8k+3)  (ke1)|4(k+1) 1]

3 3 3
Theo nguyén li quy nap thu dugc dpcm.

b) D& thiy bai toan dung v6i n=1n=2.

k(3k—1
Gid str bai toan ding v6i n =k thi n:k31+4+7+...+(3k—2):%.

Ta chimg minh dung véi n=k+1.

367 +5k+2 _ (k+l)[3(k+1)—1l

Thit vay 1+4+7+...+(3(k+1)—2):@4—3/(—1—1:

2
Theo nguyén li quy nap ta c6 diéu phai chimg minh.
Vi du 9: Ching minh rang véi moi ne N, ta c6:
a) n° +11n chia hét cho 6. b) n® +3n*+5 chia hét cho 3.
¢) n° +2n chia hét cho 3. d) 7.2>"2 +3* chia hét cho 5.

Loi gidi:

a)Taco n’ +1ln=n’—n+12n=n(n-1)(n+1)+12n.

R& rang n(n—1)(n+1) la tich ba s6 nguyén lién tiép nén n6 chia hét cho 3. Cy thé
n=3k=n(n-1)(n+1)=3k(n-1)(n+1):3
n=3k+1=n(n-1)(n+1)=n3k(n+1):3
n=3k+2= n(n-1)(n+1)=3n(n—1)(k+1)3

Mat khac trong ba thira s6 n,n—1,n—2 tdn tai it nhat mot s6 chin, 2 va 3 nguyén tb cung nhau nén tich do6

chia hét cho 6. Do d6 ta c6 dpcm.

c) n3+2n=n3—n+3n=n(n—1)(n+l)+3n.
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R& rang n(n—1)(n+1) 1a tich ba sé nguyén lién tiép nén né chia hét cho 3.
n=3k=n(n-1)(n+1)=3k(n-1)(n+1):3
n=3k+1=n(n-1)(n+1)=n3k(n+1):3
n=3k+2=n(n-1)(n+1)=3n(n-1)(k+1):3

Twdo n’+2n=n’—n+3n=n(n—-1)(n+1)+3n:3

d) Bai toan dung véi n=1;n=2. Gia st bai toan ding v&i n=k thi n=k = 72> +3*":5

Tiép tuc chimg minh bai toan dung véi

n=k+1=>7232 430 =7 0222 32l
=472 4931 =4(7.2%7 43 1) 45315

Ctr nhu vdy, theo nguyén 1y quy nap ta c¢6 diéu phai chimg minh.

Vi du 10: Cho tong S, LR UV S S
13 35 5.7 (2n-1)(2n+1)

a) Tinh S;5,;5;;5,.

b) Hay du doan cong thuc tinh S, va ching minh du doan bang quy nap.

Loi gidi:

1 2 3 4
a) §,=—;8=—;8.=—;5,=—.
) 1 3 2 5 3 7 4 9

, n
b) Dy doan S, = .

2n+1

RO rang theo céu a du doan dung véi n=1;2;3;4.

LR IR S ! _ "
13 35 57 7 (2n-1)(2n+1) 2n+1

Gia su bai toan ding véi n=k =S, =

Ta chiing minh diéu nay ding véi n = k +1. That vay

n=k4l= S, — L ! .\ 1
B 13035 57 T (2k=1)(2k+1)  (2k+1)(2k+3)

k 1 k(2k+3)+1 _ k+1

T2k+1 (2k+1)(2k+3)  (2k+1)(2k+3) 2k+3

Theo nguyén 1y quy nap ta c6 dpcm.

Vi du 11: Cho tong Sn=i+l+ L ot !
15 59 9.13 (4n-3)(4n+1)

a) Tinh S;5,;5;;5,.

b) Hay du doan cong thure tinh S, va chiing minh du doan do bang quy nap.

Loi gidi:
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lg-2g-3.g-4g__1_

5 9 13 17 4n+1

b) Theo cau a ta c6 dy doan diing véi n =1;2;3;4. Gia sir bai toan dung voi n=+%
1 1 1 1 k

—+—+ +ot = .

1.5 59 9.13 (4n—3)(4n+1) 4k +1

a) S, =

Véin=k=S§, =

Ta chiing minh diéu nay ding véi n = k +1. That vay

n=k+1=3S =L+L ! + ! + !
"T15759 o3 (4k=3)(4k+1) (4k+1)(4k+5)

k 1 k(4k+5)+1 k+1
= + = -
4k+1 (4k+1)(4k+5) (4k+1)(4k+5) 4k+5

Theo nguyén 1y quy nap ta c6 dpcm.

Vi du 12: Diy s6 (a, ) dugc cho nhu sau a, =2, a,,, =\2+a, , voi n=1,2,..

Chtmg minh rang véi moi n e N ta cé: a, = 2cos

n+l °

Loi gidi:

Xét bai toan dung voi n =1;n =2; Gid su bai toan ding véi n =k = a, =2cos I

Ta chirmg minh bai toan ding voi n =k +1.

Thatvay, véi n=k+1=a,,, =2+a, = 1/2+2cos St / 1+cos k+1

= 2(2005 ﬂzj 2c0S——
2k 2k

Theo nguyén 1y quy nap ta c6 dpcm.

Vidy 13: Cho S, =%+i+l+...+ véi ne N'. Ménh dé ndo sau day ding?

23 34 n.(n+1)

A. Sszi. B. Szzl. C. Szzz. D. S3:l.
12 6 3 4
Loi gidi:
Nhin vao dubi cia S, 1a — cho n =2, ta duogc ! =L.
n(n+1) 2.(2+1) 23
L , 1 1
Do do véi n=2,tacd S, =—+—=—. Chon C
12 23 3
Vidu14:Cho § =—+—+—+...+ v6i n e N*. Ménh dé nao sau day ding?
3 34 n.(n+ )
A5 =L B.S =" c. s =L D. s =12
n n+1 n+2 n+3
Loi gidai
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Cich triic nghi¢m. Ta tinh dugc S, —% S, =§,S3 =%.
Ttr d6 ta thiy quy luat 1a tir nhd hon mau dang 1 don vi. Chon B.
1 2 3 , n
Cach ty luan. Tacod §,=—,S,=—,5,=—— dudodn S, = .
2 3 4 n+1
. 1 1 ,
* Véi n=1, tadugc S, =— =——:d0ng.
1.2 1+1
ch A A\ 4 . T 1 1 k
= Gia st ménh d¢ ding khi n =% (k21),tucla —t—t..+ =—.
1.2 23 k(k+1) k+1
, 1 1 1 k
"TacO —+—+...+ =—
1.2 23 k(k+1) k+1

1 1 1 1 k 1
T2 23 T ke ) (k) (kv2) k41 (ke1)(k+2)

DI N SO 1 KR 42k+1
12 23 7 k(k+1) ) (k+2) (k+1)(k+2)
oty g ! k+1.Suyraménhdéd1’mgvdin:k+1.

12 23 ( k+1 (k+2) k+2

Viduy 15: Cho P, = ( —%)(1—%) [1——] voi n>2 va neN.Ménh dé nao sau ddy dung?

;_.

n+l1 B. P n-— C.P=n+1 1).P:n+1

A. P= . . .
n+2 2n n 2n

Vi n>2nén ta cho

1 1) 2
n=3—>P3 (1—?J (1—3—2j:§

Kiém tra cac dap an chi c6 D thoa. Chon D.

Vidu 16: Véi moi n e N, hé thirc ndo sau day sai?

n(n+1)
2

A 1+2+..+n=

B. 14+3+5+...+(2n-1)=
n(n+1)(2n+1)
6

D. 2 +4° +6° +...+(2n)2 = 2n(n+16)(2n+1) )

C.P+2°+..+n’ =

Loi gidi:
Bang cach thir véi n=1,n=2,n=3 14 ta két luan dugc. Chon D.
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